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BACHELOR’S DEGREE PROGRAMME
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3‘ ELECTIVE COURSE : MATHEMATICS
MTE - 6 : ABSTRACT ALGEBRA
Time : 2 hours ) , Maximum Marks : 50

Note : Attempt Five questions in all. Question no. 7 is
compulsory. Answer any four questions from questions
no.1 to 6. Calculators are not allowed.

1. (a Letx={5, 15,25, 359 Form  the 4
composmon table of X with respect to
multiplication modulo 40. Does this show
that X is a group ? Give reasons for your
answer.

Zy[x]

‘(b) Consider the ring R = _(_xs_—T)
(i) IsRafinite Ring ?
(i) DoesR have zero divisors ?
(iii) Does R have nilpotent elements ?

Justify your answers.

2. (a) LetS={a+ibJae Z,be3Z). IsSa 4
subring of Z [i] ? Is S an ideal of Z [i] ? Give
reasons for your answers.
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(b) LetG={ 3 d} labde R, ad # O}.
L ,

1D
If H= }WGR
01 ,

Show that H is a normal subgroup of G.

() If G is acyclic group with no proper non-
trivial subgroup, then show that G must be
finite. What can O(G) be ?

3. (a) Show that in the ring Z [\/5] the element
1+ /5 is irreducible but not prime.

(b) LetS= {(x, y)|x, ye IR} be the plane in
the rectangular coordinate system.
Define ‘~ by (xq, y7) ~ (X yp) iff X1 - %, i8

an integer’.
() Show that ~ is an equivalence
relation

(i) Give a geometric description -of the
equivalence class to which (0, 0)
belongs.

(iii) Is the number of equivalence classes
finite ? Justify your answer

4. () LetGbeagroupandlet$:G — G:dp (@) =x"".
(i) Prove that  is bijective.

(ii) Prove that ¢ is an automorphism if
and only if G is abelion
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(b) Show all the distinct ways in which the ¢
multiplication operation can be defined on
X=1{0,1, 2, 3} to make X a ring ; if addition
is defined as addition modulo 4.

5. (a) Which of the following are field extensions 5
of Q ? Give reasons for your answers.

0 Qlx1/x3 +8),
i)  Qx1/ (3 +10)

For those that are field extensions,
obtain their characteristics also.

(b) (i) LetGbeagroupandletHand Kbe 5
subgroups of G such that

H$G' KEG' Show that G # HJK

(i) Give an example, with justification, of
a group G and three subgroups H,,
H,, Hj; such that H; gG,Jvlibut

G=H1 UH2 UH3

6. (a) Apply the principle of induction to show 3
that (4"*14+52n-1y s divisible by
21 ¥ neN.
(b) Prove that the ring Q[x]/ (x2 —2) is 7
isomorphic to the ring

Q[V2] = {a+bvZ Ja,b, e Q . | _
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7. Which of the following statements are true ? Give
reasons for your answers.

(a)
(b)

(©)

(d)

()

MTE-6

Zy x Zy =Zg as groups

If H is a proper subgroup of { Z, +} such
that 18,30 and 40 belong to H, then
H=2Z

The map ¢ : M, (z) — z, defined by

ab
¢ ([ c dﬂ = a, is a ring homomorphism.
If P, P, are prime ideals in a commutative
ring R, then P; P, is also a prime ideal.

On the set of real numbers, the relation R,
defined by aRb iff [a—b|<1, is transitive
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