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BACHELOR’S DEGREE PROGRAMME
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MTE-06 : ABSTRACT ALGEBRA

Time : 2 Hours Maximum Marks : 50

Note : (i) Question No. 7 is compulsory.
(i) Answer any four questions from the rest
of the questions.
(i11) Use of calculator is not allowed.
(iv) Do the rough work at the side of the page

or at the bottom.

1. (a) Suppose G is a non-abelian group and

a,beG. Show by the principle of

mathematical induction that
(aba™)" = ab"a! wvn e N. 3
(b) Suppose f(x) =2x% +1,

g(x) =x* +x> +x+2 in Z3[x]. Find the
quotient and the remainder when g(x) is
divided by f(x) in Z3[X]. 3

P.T.O.
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Check if the following polynomial 1is
irreducible : 2

x8 +6x* +12x +12 in Z[x].

Define the order of an element in a finite

group. Find the order of 3 in Z;;. 2

Define homomorphism between rings.
Check whether the map f :Z — M,(2)

defined by f(n):(g 8) 1Is a ring

homomorphism. 2

Define a normal subgroup. Check whether
{1, (1 3)} is a normal subgroup of A. 2

Give an example of a commutative ring
with unity R and elements a,be R,b=0

such that ab =b and a = 1. 3

Express the permutation :

(123458
23156 4

first as a product of disjoint cycles and then
as a product of transpositions. What is the
signature of a ? 3

Define a binary operation * a on Z by

a*b=a+b+2ab. Check if * 1s
associative. Find the identify element
under *. Which element are invertible
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under * ? Find the inverse of each
invertible element under *. 5

Let C2 be the ring under componentwise
addition and multiplication. Find an ideal I

of C? that is isomorphic to C as a ring.

2
Check whether CT = C as rings. Justify

your answer. 5
Let R=Z+ «/E Z and
S {[E‘ Zab} lab e z}. Show  that
0:R —>S defined by

9(a+ Zb):[g Zab} is an isomorphism

of rings. 5
Explain, how Q/Z is a subgroup of R/Z.

Show that Z + a € R/Z has finite order if
and only if a € Q. 5

Let G be a group of order 54. How many
Sylow 3-subgroups, Sylow 2-subgroups and
sylow 5-subgroups can G have ? Give
reasons for your answers. 6

Define a relation R on the set of integers Z
by aRb if 3 divides a —b. Show that R is

an equivalence relation. Also find all
distinct equivalence classes. 4

P.T.O.
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Show that the ring Q[x] has got infinitely

many maximal ideals. 3

Prove that Z [4/—3} is not a UFD by giving

two different factorisations of 4 as product
of irreducible elements in Z [1}—3] . 4

Prove that any group of prime order is
cyclic. 3

Which of the following statements are true and

which are false ? Justify your answers with a

short proof or a counter-example : 5x2=10

(a) If f:Z — Z is a function and A < Z, then
fL1(f(A)cA.

(b) There 18 a non-trivial group
homomorphism from Zg to Z.

(¢) The group S7 has an element of order 11.

(d) There is a field that has got exactly
6 elements.

(e) Union of two subrings of a ring is a subring

of the ring.
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(aba™)" =ab"a! vne N

(@) 9M IS IED f(x) = 2x2 +1,
g) = x* +x2 +x+2, Z3[x] § Bl Z3[x]

¥ g(x) & f(x) 9 faqeA +H0 W 9

qhel 3R el fepTfera) 3
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Sirer wifsy f Ffafea sgug smavea
% : 2

X8 +6x* +12x +12 e Z[X]

T URfHd 99g ° TH AT HI I
uReif@ sifswl z,, ® 3 &1 &ife
[RERIY 2

gl & S i THRIRGT GRS

n o0
00

qRAMYd ®ed f:Z > My(2) Th aed
TR 2 2

T SUEHE 1 YR Hifew| S
SIS foh {1, (1 3)}, h &I TEHR SUHE
T a1 7 2

ITEW B IR W TE HAGHTT go& R
3R < 3@ a,b eR,b =0, dfu fwes
ft ab=b & 3R a=1 = 3

(123456 -
5'5"'0“(231564j_°'ﬁ
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3Yh F% UTRRUN &% TUAheH & €4 H
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Z W a*b=a+b+2ab TW TH
fg-emurt wfe oftfm =i <=
Hifey fm * ge=d B * % Qe qode
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U qeasil B| S SN o™ % dl W®

$=C|mwﬁg&ﬁml 5
a1 ofifsg R=z+2Z R
S={[E‘ Zb}la,bez}l frar R

a
0:R >S5S Sl 9(a+ 2b):[zl Zab} s

R 8, Tk dord ek 2 5

gzt fF Q/Z I R/z &1 Th IUHE
gl fg@muy fF z+acRrRiz & Ui
Hife It 3 wored It Bl B 59 a eQ
=l 5

= iy 6 ®ife 54 o TH GHE 2
¢ & fhad el 3-3UEEE, ol
2-37HE R Hiell 5-S7Ege e € ?
T IW hT g Hifag| 6
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(@) YUl & §H=Id Z W T&h 9= R 39
TR 9RAfa wifw f& aRb ik 3,
a—b & fawfsa s = fe@ee f& R

T qeashi Ty 2| fa=-fae gearerd

ot | e 4
6. (&) feEmu f& Ie@ Q[x] &I 3Hdd: 3H®
TUrSTeerEl B 3
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