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Note : (i) Question No. 7 is compulsory.  

 (ii) Answer any four questions from the rest 

of the questions. 

 (iii) Use of calculator is not allowed. 

 (iv) Do the rough work at the side of the page 

or at the bottom. 

1. (a) Suppose G is a non-abelian group and 

, Ga b  . Show by the principle of 

mathematical induction that 

1 1( )n naba ab a n    N . 3 

(b) Suppose 2( ) 2 1f x x  , 

4 2( ) 2g x x x x     in 3 [ ]xZ . Find the 

quotient and the remainder when ( )g x  is 

divided by ( )f x  in 3 [ ]xZ . 3 
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(c) Check if the following polynomial is 

irreducible : 2 

6 46 12 12x x x    in [ ]xZ . 

(d) Define the order of an element in a finite 

group. Find the order of 3  in 11Z . 2 

2. (a) Define homomorphism between rings. 

Check whether the map 2: M ( )f Z Z  

defined by 
0

( )
0 0

n
f n

 
  
 

 is a ring 

homomorphism. 2 

(b) Define a normal subgroup. Check whether 

{1, (1 3)} is a normal subgroup of h. 2 

(c) Give an example of a commutative ring 

with unity R and elements , R, 0a b b   

such that ab b  and 1a  . 3  

(d) Express the permutation : 

1 2 3 4 5 6

2 3 1 5 6 4
 

   
 

  

first as a product of disjoint cycles and then 

as a product of transpositions. What is the 

signature of   ? 3 

3. (a) Define a binary operation * a on Z  by 

* 2a b a b ab   . Check if * is 

associative. Find the identify element 

under *. Which element are invertible 
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under * ? Find the inverse of each 

invertible element under *. 5 

(b) Let 2C  be the ring under componentwise 

addition and multiplication. Find an ideal I 

of 2C  that is isomorphic to C  as a ring. 

Check whether 
2

I

C
C  as rings. Justify 

your answer. 5 

4. (a) Let 2 R Z Z  and 

2
S | ,

a b
a b

b a

  
     

Z . Show that 

: R S   defined by 

  2
2

a b
a b

b a
 

     
 is an isomorphism 

of rings. 5 

(b) Explain, how /Q Z  is a subgroup of /R Z . 

Show that /a Z R Z  has finite order if 

and only if a Q . 5 

5. (a) Let G be a group of order 54. How many 

Sylow 3-subgroups, Sylow 2-subgroups and 

sylow 5-subgroups can G have ? Give 

reasons for your answers. 6 

(b) Define a relation R on the set of integers Z  

by Ra b  if 3 divides a b . Show that R is 

an equivalence relation. Also find all 

distinct equivalence classes. 4 
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6. (a) Show that the ring [ ]xQ  has got infinitely 

many maximal ideals. 3 

(b) Prove that 3 
 

Z  is not a UFD by giving 

two different factorisations of 4 as product 

of irreducible elements in 3 
 

Z . 4 

(c) Prove that any group of prime order is 

cyclic.  3 

7. Which of the following statements are true and 

which are false ? Justify your answers with a 

short proof or a counter-example : 5×2=10 

(a) If :f Z Z  is a function and A  Z , then 

 1 (A) Af f  . 

(b) There is a non-trivial group 

homomorphism from 8Z  to Z . 

(c) The group S7 has an element of order 11. 

(d) There is a field that has got exactly  

6 elements. 

(e) Union of two subrings of a ring is a subring 

of the ring. 
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(i) 

(ii) 

(iii) 

 (iv) 

G

, Ga b 

1 1( )n naba ab a n    N  

2( ) 2 1f x x  ] 

4 2( ) 2g x x x x    ] 3 [ ]xZ 3 [ ]xZ
 

( )g x ( )f x
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6 46 12 12x x x    [ ]x Z  

11Z 3

0
( )

0 0

n
f n

 
  
 

2: M ( )f Z Z

{1, (1 3)} ] h  

R

, R, 0,a b b 

ab b 1a 

1 2 3 4 5 6

2 3 1 5 6 4
 

   
 


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Z * 2a b a b ab  

* *

*

*

2C
2C

I C

2

I

C
C

2 R Z Z

2
S | ,

a b
a b

b a

  
     

Z

: R S    2
2

a b
a b

b a
 

     
]

/Q Z /R Z

/a Z R Z

a Q

G

G ]
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Z R

Ra b ]

a b R

[ ]xQ

3 
 

Z

3 
 

Z

] ]

5×2=10

:f Z Z A  Z

 1 (A) Af f 

8Z Z

7S
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