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June, 2023 

MTE-02 : LINEAR ALGEBRA 

Time : 2 Hours     Maximum Marks : 50 

Note : (i) Question No. 7 is compulsory. 

 (ii) Answer any four questions from Q. No. 1 

to Q. No. 6. 

 (iii) Use of calculator is not allowed. 

1. (a) Define a surjective map. Give an example 

of a map that is not surjective. 2 

(b) Check that 
1 1 1 1

S , , ,
2 2 2 2

    
     

    
 is 

a set of orthonormal basis in 2R . Write 

(1, 3)  as a linear combination of the vectors 

in S.  4 

(c) Let 2 2T : R R  be defined by 

T ( , ) (2 , 2 )x y x y y  . Check that T 

satisfies the polynomial 2( 2)x  . 2 
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(d) State the Cauchy-Schwarz inequality for 

inner product space. Verify the inequality 

for the vectors ( 1, 1, 2)v      and 

( 1,1, 3)w    . 2 

2. (a) Check whether 

1

1

1

 
 
 
 

 is an eigen vector for 

1 1 0

1 0 1

0 1 1

 
 
  

. What is the corresponding 

eigen vector ? 2 

(b) Find the adjoint of the matrix 

1 1 1

0 1 1

1 1 2

 
 
 
 

. 

Hence find its inverse. 3 

(c) Find the minimal polynomial of 

1 0 0

0 0 1

0 1 0

 
 
 
 

. 

3 

(d) If the vectors 1 2 3, ,v v v  are linearly 

independent, check that the vectors 

1 1 2 1 2 3, ,v v v v v v    are also linearly 

independent. 2 
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3. (a) Let 1 2 3{ , , }u u uB  be an ordered basis of 

3R . Let S and T be linear operators on 3R  

given by 1 2 2 3 3 1 2S( ) ,S( ) ,S( )u u u u u u u     

and 1 1 2T ( ) ,u u u 
 2 2T ( ) ,u u

3 1 3T ( )u u u  . Find the matrix of S o T 

with respect to B. Also find the rank of  

S o T.  5 

(b) Prove that the matrix 

1 3 3

A 0 3 0

0 0 3

 
 
 
 

 is 

diagonalizable. Find an invertible matrix P 

so that 1
3 0 0

P AP 0 3 0

0 0 1


 
 
 
 

.  5 

4. (a) Let B {(1, 0,1), (0,1, 2), ( 1, 1, 0)}     be a 

basis of 3R . Find the dual basis of B. 5 

(b) Use Cayley-Hamilton theorem to compute 

1A , where 

2 1 0

A 1 2 0

0 0 2

 
 
 
 

. 5 

5. (a) Show that the set {(2, 2 1), (2, 1, 2)}   is 

linearly independent over 3R . Complete 

this set to a basis of 3R . Convert this basis 

to an orthonormal basis with respect to the 

standard inner product using Gram- 

Schmidt procedure. 5 
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(b) Consider the real vector space : 

            2 3
0 1 2 3 0 1 2 3W { | , , , }a a x a x a x a a a a     R   

Check whether or not 1W  and W2 are 

subspaces of W, where : 

2 3
1 0 1 2 3 0 2W { | ,a a x a x a x a a      

  0 1 2 3, , , }a a a a  R  

and  

 2 3
2 0 1 2 3 0 1 2W { | 1,a a x a x a x a a a         

  0 1 2 3, , , }a a a a  R  

Further, for those that are subspaces of W, 

also find their dimensions. 5 

6. (a) Let { | 0}x x   R R . Show that R  is a 

real vector space with respect to   and   

defined by a b ab   and 

,a a a b     R  and   R . 5 

(b) Find the orthogonal canonical reduction of 

the quadratic form 2 2Q 3 2 2 2x y xy   . 

Also give its principal axes. Finally, draw a 

rough sketch of the orthogonal canonical 

reduction of Q 4 . 5 
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7. Which of the following statements are true  

and which are false ? Give reasons for your 

answers :  10 

(a) Every subset of a linearly dependent set is 

linearly dependent. 

(b) The number subspace of 2R  over R  is 

infinite. 

(c) If 2 2T : R R , is defined by 

T ( , ) ( , 0)x y y , then Range (T) = Ker (T). 

(d) If the row reduced form of A is 

1 0 0

0 1 0

0 0 1

 
 
 
 

, 

then det (A) 1  . 

(e) There is a linear operator 3 3T : R R  

with characteristic polynomial 

( 1)( 2)( 3)x x x    and minimal 

polynomial ( 1) ( 2)x x  . 
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2 

 

1 1 1 1
S , , ,

2 2 2 2

    
     

       

  2R

] S
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2 2T : R R

T ( , ) (2 , 2 )x y x y y   

T 2( 2)x 

( 1, 1, 2)v    

( 1,1, 3)w   

1

1

1

 
 
 
 

1 1 0

1 0 1

0 1 1

 
 
  

1 1 1

0 1 1

1 1 2

 
 
 
 

1 0 0

0 0 1

0 1 0

 
 
 
 

1 2 3, ,v v v ]

1 1 2 1 2 3, ,v v v v v v  
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1 2 3B { , , }u u u  3R

S T 3R

1 2 2 3 3 1 2S( ) ,S( ) ,S( )u u u u u u u   

1 1 2 2 2T ( ) , T ( ) ,u u u u u    3 1 3T ( )u u u 

B S o T

S o T

1 3 3

A 0 3 0

0 0 3

 
 
 
 

P

1
3 0 0

P AP 0 3 0

0 0 1


 
 
 
 

B {(1, 0,1), (0,1, 2), ( 1, 1, 0)}     

3R B

1A

]

2 1 0

A 1 2 0

0 0 2

 
 
 
 
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{(2, 2 1), (2, 1, 2)}   3R

3R

             2 3
0 1 2 3 0 1 2 3W { | , , , }a a x a x a x a a a a     R  

1W 2W

W ]

2 3
1 0 1 2 3 0 2W { | ,a a x a x a x a a      

  0 1 2 3, , , }a a a a  R  

 2 3
2 0 1 2 3 0 1 2W { | 1,a a x a x a x a a a        

      0 1 2 3, , , }a a a a  R

]

5 

{ | 0}x x   R R R  

  R

]    ,a b   R

a b ab  a a 
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2 2Q 3 2 2 2x y xy  

Q 4

R 2R

2 2T : R R  T ( , ) ( , 0)x y y

] (T)  (T)

A

1 0 0

0 1 0

0 0 1

 
 
 
 

]

det (A) 1 

3 3T : R R

( 1)( 2)( 3)x x x  

( 1) ( 2)x x 

MTE–02   


