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Note: Attempt five questions in all. Question no. 7 is
compulsory. Answer any four questions
from questions no. 1 to 6. Use of calculators is not
allowed.

1. (a) Define a relation R on the set of integers Z
by R = {(n, n + 3k) | k € Z}. Show that R is
an equivalence relation. Also find all distinct
equivalence classes. ‘ 4

(b) Express the permutation

1 2 3 4 5 6 7 8 A
f= first as

3 8 6 7 4 1 5 2
a product of disjoint cycles and then as a
product of transpositions. What is the
signature of f ? 3
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2. (a)
(b)
()
3. (a)

(b)
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Show that the polynomial

3x5 + 15x4 — 20x3 + 10x + 20

is irreducible over Q. Is the polynomial

3x2 + x + 4 ‘irreducible over Z; ? Give

reasons.

Find the remainder of 37%° when divided
by 7.

Let S be the set of all real numbers except
—1. Define an operation @& on S by
X®y=x+y+Xxy; X,y € S. Show that
< S, ® > is an abelian group. Find a solution
of the equation 1®x=2 in S.

Find the nil radical of Zg.

Let R=Z + V2 Z and S = the ring of 2 x 2
a 2b

matrices of the form a,beZ;.
b a

Show that 6 : R —» S defined by

a 2b
fa++2b) =

is an isomorphism
b a

of rings.

If G is a finite commutative group of order n
and if a prime p divides n, show that the
number of Sylow-p subgroups of G is one.
Find the unique Sylow-3 and Sylow-2
subgroups of the cyclic group Zy,.
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4. (a)

(b)

(o)

5. (a)

(b)

()
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m,neZ} an ideal of the

k l
ring R=4| - . ||k, /,mneZ; of 2 x 2
m n

matrices over integers ? Justify your answer.

Prove by the principle of mathematical
induction that 2" . 3%® — 1 is divisible by 17
for all positive integers n.

- Rix]

Show that D)

~C as fields.

<x“+1>

If H is a normal subgroup of a finite G, prove
or disprove : |G/H| = 2.

Prove that Z [v-3] is not a U.F.D. by giving
(with justification) two different

factorizations of 4 as product of irreducible
elements in Z [vV-31. '

Prove that any infinite cyclic group is
isomorphic to the group of integers under
addition.

Let R and S be commutative rings and
f: R - S be a ring homomorphism. Show
that the inverse image of a prime ideal in S
is a prime ideal in R.

3
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6. (a)

(b)

(c)

Find all the elements of the ring Z;; which
have a multiplicative inverse. Also give their

inverses. 3

Show that H = {oc € S,|c(n) = n} is a
subgroup of S;. Further show that H=S_;. 4

Prove that if I is a non-zero ideal of a field F,
thenI=F. 3

7. Which of the following statements are true and
which are false ? Give reasons for your answers. 10

(a)
(b)

(c)

(d)
(e)
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Characteristic of a finite field is zero.

Z12 is a field.

In a ring with unity the sum of any two units
is a unit.

Every element of S;, has order at most n.

There is no non-trivial group homomorphism
from a group of order 5 to a group of order 6.
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