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MTE-09 : REAL ANALYSIS 

Time : 2 Hours     Maximum Marks : 50 
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Note : Attempt five questions in all. Q. No. 1 is 

compulsory. Answer any four questions from 

Question Nos. 2 to 7.  

1. State the following statements are true or  

false ? Give reasons for your answers : 2 each 

(i) The function f defined on [5, 6] by : 

 


 


1, when  is rational

1, when  is irrational

x
f x

x
  

is integrable. 

(ii) – 2 is a limit point of the interval [–3, 2]. 

(iii) The function  : 1,50f R  defined by 

   20f x x   ([x]   greatest integer 

function) is continuous. 

(iv)  
2

1
n

n
 is a convergent series. 
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(v) For the function   3 24 5 2f x x x x    , 

there exists a point ]1,2[c  such that 

  0f c  .  

2. (a) Prove that between any two real roots of 

the equation, 33cos ,xx e  there is at 

least one real root of the equation 

3 sin 1.xe x   3 

(b) Check whether the intervals [7, 11 [ and  

]2, 6] are equivalent or not. 2 

(c) Prove that every absolutely convergent 

series is convergent. Is the converse of this 

statement true ? Justify your answer. 5 

3. (a) Find the limit as n    of the sum : 4 

         
        

       
     

1 2 3
sin sin sin ......

n n n n
 

 
  

 

3
sin

x

n
 

(b) Show that the function  :] 1,1[f R  given 

by   4f x x  is uniformly continuous on its 

domain. Hence deduce that it is continuous 

at 0.x   4 
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(c) Write the inequality 3 4 2 5x    in the 

modulus form. 2  

4. (a) Find :  2 

 
23

2
lim

3x x 
  

(b) Prove that for ]0,1[x  : 4 

      


log 1
1

x
x x

x
.  

(c) Let  : 0,1f R
 
be a function defined by 

  4 1f x x  .  

 Let : 

             1

2
P 0, , ,1

2 3

 
  
 

 and 2

1 1 3
P 0, , , ,1

4 2 4

 
  
 

  

be two partitions of the interval [0, 1]. 

Prove or disprove :  4 

   2 1L P , U P ,f f .  

5. (a) Let a function f be defined by : 

 

2

2

1, 1

3 2
, 1 2

2 1, 2

x x

x
f x x

x

x x

    

 

  


   


  

Discuss the continuity of f at x = 1, 2. 4 

(b) Let    S R  and u be an upper bound of 

S. Show that u is supremum of S if and 
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only if 0  , there exists an Ss   such 

that s u    . 4 

(c) Test the convergence of the series : 2 

3 3

1

1 1
n

n n




   
  

    

6. (a) Show that the sequence  ,nf  where :  

    
 2

, [1, [
1

n

x
f x x

nx
  

  is uniformly convergent in it. 4 

(b) Give an example to show that intersection 

of an infinite number of open sets need not 

be an open set. 3 

(c) Check whether the function  : 1,2f R  

defined by   xf x x e   is one-one or not. 

Is it onto also ? Justify your answer. 3 

7. (a) By showing that the remainder after  

n-terms tends to zero, find the Maclaurin’s 

series expansion of cos3x . 4 

(b) Test the following series for convergence : 4 

           21 1.4 1.4.7
...... 0

5 5.8 5.8.11
x x x       

(c) Evaluate : 2 
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20

1 cos 2
lim

1xx

x

e




.  
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(i)  


 


1,

1,

x
f x

x

 5,6 f

(ii) 2  3,2  
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(iii)    20f x x 

 : 1,50f R [ ]x 

 

(iv)  
2

1
n

n

(v)   3 24 5 2f x x x x   

]1,2[c   0f c   

33cos xx e

3 sin 1xe x 

[7,11[ ]2,6 ]

        
       

     

1 2 3
sin sin sin ......

n n n n
 

 
  

 

3
sin

x

n
 

n  



 [ 8 ] MTE–09 

   

  4f x x

:] 1,1[f  R

]

0x 

3 4 2 5x  

 
23

2
lim

3x x 
 

]0,1[x

 log 1
1

x
x x

x
   


  

 : 0,1f R ]   4 1f x x 

1

2
P 0, , ,1

2 3

 
  
 

2

1 1 3
P 0, , , ,1

4 2 4

 
  
 

 0,1

   2 1L P , U P ,f f  
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f

 

2

2

1, 1

3 2
, 1 2

2 1, 2

x x

x
f x x

x

x x

    

 

  


   


 

1,2x  f

S   R ,Su

,Su 

0  Ss 

s u   

3 3

1

1 1
n

n n




   
  



 nf ]

    
 2

, [1, [
1

n

x
f x x

nx
 

]
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  xf x x e 

 : 1,2f R

n

] cos3x

            21 1.4 1.4.7
...... 0

5 5.8 5.8.11
x x x    

20

1 cos 2
lim

1xx

x

e



  
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