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Note : (i) There are eight questions in this paper.

(it) The eighth question is compulsory.

(itt) Do any six questions from Question

No. 1 to Question No. 7.
(iv) Use of calculator is not allowed.

(v) Do your rough work in a clearly
identifiable part of the bottom of the

same page or in the side of the page only.
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1.

(a)

(b)

(©

(d)
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Let R be the relation defined on Z by aRb
if ab is an odd integer. Which of the
properties for an equivalence relation hold
for R and which properties do not hold ?
Justify your answer. 3

Define a subgroup of a group. Check

whether :

n-fe 0]

1s a subgroup of the group of 2 X 3 matrices

a, b, c,deC}

over C under addition. 2

State Lagrange’s theorem. What are the
possible orders of subgroups of a group of

order 15 ? 2

Define a unit in a ring with identity. Give
an example of a ring with identity R and a

unit element in R. 2



(e)

(a)

(b)

(©
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Let S = {2, -1, 1, 2} and * be the binary
operation defined by a * b = —a. Compute
the Cayley table for (S, *). Is *

*

commutative ? Is * associative ? Justify

your answer. 6

Let A be a 4 X 3 real matrix, Bbea 3 x5
real matrix and C be a 4 X 5 real matrix.

Which of the following operations are

defined ?
1 AB-C
(i1) BA+ Ct

For those operations that are defined, what

1s the order of the resulting matrix ? 3

Let a =(145),B3=(1243) e Ss5. Compute
c = a.fpl. Write ¢ as a product of
transpositions. What is the signature of
c? 3

If F is a field, show that U(F[x]) = F*. 4
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(d)

(a)

(b)

(c)
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Let R= Zyg 5

(1) Give, with justification, a nilpotent

element in R.

(1) Give, with justification, a zero divisor

in R which is not nilpotent.

(111) What is the order of U(R) ?

Show that, if G is a finite group such that
0(G) 1s neither one nor a prime, then G has

a proper subgroup. 5

Define a prime ideal. Give a prime ideal in

7. 2

Calculate the following : 3
@) (§x3+§x2 +5x+§)+(éx3+§xz+é_lx+5)
in Zq[x]

(if) (5x?+5x+6) (33 +4x +6) in Zy,[x]



(d)

(a)

(b)

(©
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Let G be a group of prime order. Show that
G has no proper non-trivial subgroup.
Further, show that G 1is cyclic. Further,
check whether or not all the subgroups of a

group of order 15 is cyclic. 5
Find ¢, s € Z such that : 5
()105 + (s)40 = (105, 40) .

If H and K are normal abelian sub-groups

of a group, and if H n K = {e}, show that

HK is abelian. Will the result be still true
if we remove the condition that

HNK={e}? 6

In each of the following cases, check

whether or not S is a subring of R : 4

@) sz{g
(i) S:{g H

a,r EZ},R:Q

a,b ER},R = M, (R)
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(a)

(b)

(c)

(a)
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Let R be the ring (pX),A, ),
S=(p(Y), A, ), where X is a non-empty

set with a proper non-empty subset Y. Let

¢ :R — S be defined by ¢(A) =AY for

all AcX. Prove that ¢ 1s a ring

homomorphism. What is the kernel of ¢ ? 6

Let F be a field and let f(x)eF[x] be

irreducible in F[x]. Show that the ideal

< f(x)> is a maximal ideal in F[x]. Use this
to deduce that Q[x]/ <x5 +6x3 + 18> is a
field. 7

Define a normal subgroup. Give a normal

subgroup of Ss. 2

Find the order of each of the elements
m U@©). Is U@O) cyclic ? dJustify your

answer. 5



(b)

(©

(a)

(b)

(©
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Check whether or not <§> 1s a maximal
1deal in Zg5. 3
Show that 6 | 0(A,), but A4 doesn’t have a
subgroup of order 6. 7
Let Sl={zeC* ||z|=1} and
U={zeC* | z" =1 for some n e N}. Check

that U is a group. Is U a proper subgroup

of S’ ? Justify your answer. 3

Let R be a ring (not necessarily

commutative) and I and J be 1ideals

of R. Show that Ind and
I+J={a+blacl,bed} areidealsof R. 5

Show that <x, 7> 1s not a principal ideal in

Z[x] . 7

Which of the following statements are true and

which are false ? Justify your answer with a

short proof or a counter-example : 10

(a)

The signature of every odd permuation

is —1.
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(d)

(e)
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Every group of order eight is abelian.
The ring Z,[x] has infinitely many
elements.

In a non-commutative ring, product of two

units 1s a unit.

Zy x Z3 is a field of six elements.
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