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ELECTIVE COURSE : MATHEMATICS
MTE-14 : MATHEMATICAL MODELLING

Time : 2 hours Maximum Marks : 50
(Weightage : 70%)

Note: Attempt any five questions. All questions carry
equal marks. Use of calculators is not allowed.
Symbols have their usual meanings.

1. (a) Two firms X and Y produce the same
commodity. Due to the production
constraints, each firm is able to produce
packages of 1, 3 and 5 units of the product.
The cost of producing q, units for firm X is
T[6 + qi — 2q, + 5], and firm Y has the
identical cost function T [6 + q?{ - 2qy + 5]
for producing qy units. p is the price of one
unit for firm X. We assume that the market
is in equilibrium. The outcomes are the
profits of the firm shown in the form of a
matrix A = [aij] (pay-off matrix). Write
(1) aqq, (1) agy, (i) ay, if the demand
function D(p) is given by D(p) = 50 — p. 6
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(b)

2. (a)

(b)
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Assume that the Moon is at a distance of
3,00,000 km from the Earth, and that it
takes 28 days for it to orbit the Earth once.
Geostationary satellites are those which are
at a rest relative to the Earth. Using these
two facts, derive the altitude of the
geostationary satellite from the centre of

the Earth.

Consider the following system of differential
equations, representing a prey and predator
population model :

dx o dy
_— — , —_— +
a - T a Y

(i) Identify all the real critical points of

the system of equations given above.

(i1) Obtain the type and stability of these

critical points.

Suppose you are a member of the Planning
Committee of a country for mitigating
natural disasters like fire, cyclone, flood,
drought, etc. List four essentials and two

non-essentials for planning the operations.
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3. (a) A particle of mass m is thrown
vertically upward with velocity v . The air
resistance is mgcv2, where ¢ is a constant
and v is the velocity at any time t. Show
that the time taken by the particle to
reach the highest point is given by
v, Ve =tan [gt\/z]. 6

(b) Consider the arterial blood viscosity,
u = 0-025 poise. If the length of the artery is

1-5 cm, radius 8x 1073 cm and
P=P,-P,=4x 103 dyne/cm?, then find :

(i) the maximum peak velocity of blood;

and

(i1) the shear stress at the wall. 4

4. (a) Consider the diffusion of oxygen through a
membrane 0 < x < h of thickness h, the two
ends of which are maintained at
concentrations C; and C,, respectively. If
the initial concentration is zero, model this
problem using a one-dimensional diffusion
equation, and find the rate at which the
diffusing oxygen emerges at the interface

x = 0, for unit area per unit time. 6
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(b)

5. (a)

(b)
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Characterise the following as deterministic
or stochastic, giving reasons for your

answers :
(i) Blood flow in arteries
(i1) Arrival of customers at a supermarket

(iii) The Indian team winning a cricket

match

(iv) Movements of planets

The process of plucking a guitar string
results in the frequency of vibrations being
a function of the Young’s modulus, the
length and the density of the string. Use
dimensional analysis to derive an
expression for the frequency of vibrations of
the string.

The mean arrival rate to a service centre is
3 per hour. The mean service time is found to
be 10 minutes for service. Assuming Poisson
arrival and exponential service time, find :

(i) the utilisation factor for this service
facility;

(ii)) the probability of two units in the
system;

(iii) the expected number of units in the
system; and

(iv) the expected time, in hours, that a
customer has to spend in the system.

4
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6. (a)

(b)

(c)

7. (a)
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Find the terminal velocity and time taken
by a raindrop of radius 0-8 cm to reach the
ground if it starts its descent in a cloud
35000 m high.

Find the output yielding maximum profit for
the cost function C = 0-7x5 — 0-8x2 + 12x + 9,
given that the cost price of x is ¥ 45 per unit.

A drug is induced in a patient’s bloodstream
at a constant rate r gm/s. Simultaneously,
the drug is removed at a rate proportional to
the amount x(t) of the drug present at any
time t. Determine the differential equation
governing the amount x(t). If the initial
concentration of the drug in the bloodstream
is x, find the concentration of the drug at

any time t.

If a simple pendulum of length [ oscillates
through an angle o on either side of the
mean position, then find the angular
velocity, g—f, of the pendulum, where 6 is
the angle which the string makes with the

vertical.

3
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(b)
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The return distribution of securities 1 and 2

is as follows :

Event (j) 1 2 3 4
Chance (Py; =Py)| 0-33 | 0-25 | 0-17 | 0-25
Return le 19 17 11 10

Return sz 18 16 11 9
Find which security is more risky in

Markowitz’s sense.
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1. (F) T B X I Y TH & IUWRAI I&] HT IcTeH
Al B | ScTE SFSUE o T, Tcdsh B4 1, 3
3 5 3HIEAT o Yobol (Ml i T THY & i)
8 | B X % 1T g, gebreai ffia s <1 @
T 16+ q% - 2q, + 5] 8 91 WH Y % U q
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T [6+ q§—2qy+5]% | BH X o foTe U 3ohTs
$ FTd p R | B Hoeudl Hd & fh SR T
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(YT eYE) % &9 H AT @ 7 | AfG 7
% D(p) = 50 — p &, A () ay;, () ag,
(iii) ay, T ST | 6
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A Siee ok ==5mT 9ot | 3,00,000 km
T W B qAT A® Y o UNA: UH GHHwO
28 fe H T B | qodehiell SWIE d IWE & o
gedft o de faym § wd 7 | ¥ & qel
ST H FY, G o g § JoAhIA IR
i =g fmfia i |

T PR 3R wwelt wmfte fesl wi fefua
T ore gHeRr e fefafea 2

dx o dy
a7V e Y

() IR it faem % weft awdfas
shifaen forg T I |

(i) ¥ i fogall & YR I TR
ITed HIfSTT |

T AT e 1, <shard, wTe, T, o
STt STeR{e SIS i HH L b [T FH
B L
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3. (F) TUH m 91 Tk HU Hl SHEATERA: ST 6
AR o v, ¥ Bl @ 7 | Ag Wiy
mgcv2%,\_rlﬁc@3ﬁl'{%?[mvﬁw_@w
t W an g | feane % 3| %o & gow
Al Fu fog 96 YgEd H W wHI
v, c:tan[gt\/g]'émﬁ"'ﬂl 6

(@) o= T AT = 0-025 poise ¥ | IS &HT
# T 15 cm, I 8 x 1073 cm T
P =P, - P, = 4 x 103 dyne/cm? &, I
(i) T 1 Afeehan gk am; qen
(i) R R ATEIV Jidae 7 HIRAT | 4

4. (¥) h AR ol Th fFeedl 0 <x <h ¥ B
T % R B T o W R
Hifere, foreit R Rl A1 s, T C, S
C, T ST Tar e B | Al yRfe wigan
T B, d ush-forfta fergror @efientor et Swm
Fd g, W gmen & Gl A qon
Tshth &ABA o [T, FAUTSS x = 0 W Ufd
3oh1e Uy fagia stfeisH & ffd 89 6l X
AT IR | 6
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(@) 39 IW I HRO qd gC FAfAfad
Fraforneres stuer yHuer % w9 # rfiraefia
It
(i) ouf= o wh a8
(i) T GR-STSR ¥ Ui 1 AT
(iii) e fohobe B9 O W &9 &1 Sfian
(iv) Tl i i

5. (%) TH fileR & AR H FHd A & THA &
IRUMTTREET oA i G T % o7 qdT
AR < FaE 3N =G o Teh Held o &9 {
T BT @ | TR 9 U hi TG I AT
g & o fow forfter fawemor &1 s
i |

(@) foreft Tam shg W ATEN A T 3 Uit =T R |
ey ¥ar q9g 10 e gfd dar 8 | il sfea
HAMHA R SRR FE A HEd g,
ﬁﬂ'ﬁ(’lﬁgﬂﬂﬁaﬁﬁq:

(i) war giaen o foie 3w 1ureh;

(ii) oI T € ShISAT hI TIIehdT;

(iii) Ul T SohTSAT <hl TcATIST HEAT; e

(iv) WOl W UH UES g A H Al
fora TR Y e |
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6. (%) BISAT 0-8 cm T T TNl I &g T A T
qAT 3Gk YW T IgeH H A T EH

HifSe, afe I8 35000 m F= T §ed ¥ A=
T IRy et B 3

(@) 98 3T ¥ Hife o e wed
C=07x3-08x2 + 12x + 9 o T Aferepad
1 YT B, Sefeh fear a7 o6 x i @nd
Hmd T 45 9fd 978 B | 3

() IS gaT$ Teh A hI T U W 1 gm/s I
3R G H NG I I & 2 | 36k 919 &, T8
gars foret off oy ¢ W 3ufeyd garg it amn
x(t) % GUUTR g€ & Feprelt S @ & | mEn
x(t) a0 gl rawa g fuiia
Hfe | afe w am A garg H g Fig
x, 8, 0 39 qa18 H AT t W HWigdl AQ
HINT | 4

7. (%) 3l [ T8 HT Th WA Alersh wiey fofa &
M AR o IV R ARHM a1 2, qA Ah
I ST o1 % 1 SHIfTT, SET 0 98 Hior
3 I K Seafer % WY T B | 4
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(@) fayfert 13K 2 %1 IfdweT S 39 TR 2

=T (j) 1| 2 | 3 | 4
A (Py; = Py) | 0-33 | 025 | 017 | 0-25
T Ry 19 | 17 | 11 | 10
Tfdet Ry, 18 | 16 | 11 | 9

Fa ifu foh weRifaes & AR ®A-EH
wfayfa smer sifem wit 2 |
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