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BACHELOR’S DEGREE PROGRAMME 
(BDP) 

Term-End Examination 
December, 2020 

MTE-07 : ADVANCED CALCULUS 

Time : 2 Hours     Maximum Marks : 50 

Note : (i) Question No. 1 is compulsory. 
 (ii) Attempt any four questions from 

Question Nos. 2 to 7. 
 (iii) Use of calculators is not allowed.  

1. State whether the following statements are 
true or false. Justify your answers in the form 
of a short proof or a counter-example : 10 

(a) lim
1

x

xx

e
e→∞ −

 does not exist.  

(b) The function : 

→3:f R R  

defined by : 

( , , )f x y z x y z= + +  

is integrable on [0, 1] × [0, 1] × [0, 1].   
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(c) (0, 0) (0, 0)xy yxf f≠  for the function 

→2:f R R  defined by : 

( , ) sin ( )x yf x y e e= +   

(d) The following functions are not 
functionally dependent on 

{ }= ∈ > >2D ( , ) | 1, 0x y x yR  :  

2 2( , )
2

x yf x y
x
+

=   

and      2 2( , )
2

x yg x y
y
+

= . 

(e) { }∈ + + ≤3 2 2 2( , , ) : 1x y z x y zR  

{ }⊆ ∈ ≤ ≤ ≤3( , , ) : 1, 1, 1x y z x y zR    

2. (a) Calculate the double integral of the 
function : 

→2:f R R  

defined by : 

f (x, y) = x + y 

over the region bounded by x = 0, y = 4 and 

y = 2x.  3 
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(b) Let : 

3 3

2 2
8 , ( , ) (0, 0)( , ) 4

0 , ( , ) (0, 0)

x y x y
f x y x y

x y

 −
≠= +

 =

 

Show that the function →2:f R R  is 

continuous on 2R .    5 

(c) Find the maximum possible domain and 

the corresponding range of the quotient 

function ,f
g

 where →2:f R R  and 

→2:g R R  are defined by f (x, y) = 4xy 

and 3 3( , )g x y x y= + . 2  

3. (a) If x, y, z, u and v are related by the 

equations :  

                    xy + yz + uv = 0 

and   2 2 2 2 2 0x y z u v+ + + + =  

then compute u
y
∂
∂

.   4 
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(b) Let →2:f R R  be a function defined by :  

2 2
2 , ( , ) (0,0)

( , )
0 , otherwise

xy x y
f x y x y

 ≠= +


 

Check whether or not f has a directional 

derivative at (0, 0) in the direction .
4
π

θ =  

Deduce that the function f is not 

differentiable at the point (0, 0). 3 

(c) Under what condition on k does :  

→

−
20

cos sinlim
sinx

kx x x
x x

 

exist ? Also find the limit when it exists.  3 

4. (a) Find the second Taylor polynomial of the 

function →2:f R R  defined by :  

2 2( , ) 10 3 2f x y x y= + +  

at (1, 0).  4 
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(b) Evaluate the following integral by making 
the indicated change of variables : 6 

2
W

2
1 ( 3 )

x y z dx dy dz
y z

+ −
+ +∫∫∫  

where : 

W : 0 2 3;x y z≤ + − ≤  

              0 2;y z≤ − ≤  

           0 3 1y z< + ≤  

Transformation : 

       u = x + 2y – z 

v = y – z 

w = y + 3z. 

5. (a) Evaluate :  

2

2

[ ] 8lim
2x

x x
x+→

−
−

  

where [x] is the greatest integer function.  2 

(b) Compute the volume within the 

cylinder 2 2 1x y+ =  between the planes 

x + y + z = 4 and z = 0. 4 
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(c) Define the differentiability of a function 

→2:f R R  as a linear function. Use the 

definition to check whether the function 

→2:f R R  defined by :  

2( , ) 5f x y x y xy= + +   

is differentiable at (1, 1). 4 

6. (a) Find the work done by a force 2 2F ( , )x y=  

in moving a particle from the point (1, 1) to 

(2, 2) along the line segment from (1, 1) to 

(2, 1) followed by the line segment from  

(2, 1) to (2, 2). 4 

(b) State the implicit function theorem for a 

real valued function of two variables. 

Check whether the theorem is applicable 

at the point (2, 2) for the function 

→2:f R R  defined by : 3 

2 2( , )f x y x y= − . 
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(c) Let 1 (1, 0, 0),e =  2 (0,1, 0)e =  and 

3 (0, 0,1)e = . Show that :  

1 22x e e= +  

and             2 3y e e= +  

represent the points (1, 2, 0) and (0, 1, 1) 
respectively. Find the distance of the point 
x + 5y from the origin.   3 

7. (a) Using the method of Lagrange’s 
multipliers, find the extreme points 

of the function →2:f R R  defined by 

f (x, y) = xy, on the plane x + y = 1. Further, 
check whether or not f has a local 
maximum at his extreme point.  4 

(b) Let :   

× →: [0, 2] [3, 4]f R  

be defined by : 


= 


2, if is rational( , )
1, if is irrational

x
f x y

x
 

Show that L (P, f) = 2 and U (P, f) = 4, 
for any partition P of the rectangle 
[0, 2] × [3, 4].   3 
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(c) Let :  3 

→2:f R R  

be a function defined by : 

3 3

3 3
3( , ) tan
2

x yf x y
x y

 −
=  

+ 
 

Show that : 

0f fx y
x y
∂ ∂

+ =
∂ ∂

. 
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      MTE-07 

Lukrd mikf/ dk;ZØe (ch- Mh- ih-) 

l=kkar ijh{kk 

fnlEcj] 2020 

,e-Vh-bZ--07 % mPp dyu 

le; % 2 ?k.Vs     vf/dre vad % 50 

uk sV % (i) iz'u la- 1 vfuok;Z gSA 

 (ii) iz'u la- 2 ls 7 rd fdUgha p kj iz'uksa ds 

mÙkj nhft,A  

 (iii) dSydqysVjksa ds iz;ksx djus dh vuqefr ugha 

gSA  

1- crkb, fd fuEufyf[kr dFku lR; gSa ;k vlR;A 

vius mÙkjksa dh iqf"V y?kq miifÙk vFkok izfr mnkgj.k 

ds :i esa dhft, % 10 

(d)  lim
1

x

xx

e
e→∞ −

dk vfLrRo ugha gSA  



 [ 10 ] MTE-07 

   

([k)  ( , , )f x y z x y z= + +  }kjk ifjHkkf"kr iQyu 

→3:f R R , [0, 1] × [0, 1] × [0, 1] ij 

lekdyuh; gSA  

(x)  ( , ) sin ( )x yf x y e e= +  }kjk ifjHkkf"kr iQyu 

→2:f R R  ds fy, (0, 0) (0, 0)xy yxf f≠ A 

(?k)  fuEufyf[kr iQyu % 

{ }= ∈ > >2D ( , ) | 1, 0x y x yR  

 ij iQyfudr% vkfJr ugha gSa % 

2 2( , )
2

x yf x y
x
+

=
 

 ,oa   2 2( , )
2

x yg x y
y
+

=  

(³)  { }∈ + + ≤3 2 2 2( , , ) : 1x y z x y zR  

{ }⊆ ∈ ≤ ≤ ≤3( , , ) : 1, 1, 1x y z x y zR  

2- (d)  x = 0, y = 4 vkSj y = 2x  }kjk ifjc¼ izns'k ij 

f (x, y) = x + y }kjk ifjc¼ iQyu 

→2:f R R  f}d lekdyu dks ifjdfyr 

dhft,A  3 
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([k)  eku yhft, %  

3 3

2 2
8 , ( , ) (0, 0)( , ) 4

0 , ( , ) (0, 0)

x y x y
f x y x y

x y

 −
≠= +

 =

 

 fn[kkb, fd iQyu →2 2: ,f R R R  ij larr 

gSA     5 

(x)  HkkxiQy iQyu f
g
 dk izkar vkSj ifjlj Kkr 

dhft,] tgk¡ →2:f R R  vkSj →2:g R R ] 

f (x, y) = 4xy vkSj 3 3( , )g x y x y= +  }kjk 

ifjHkkf"kr gSaA 2 

3- (d)  ;fn x, y, z, u vkSj v fuEufyf[kr lehdj.kksa 

}kjk laca¼ gSa %  

                        xy + yz + uv = 0 

 ,oa   2 2 2 2 2 0x y z u v+ + + + =  

 rc du
dy

 ifjdfYkr dhft,A   4 
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([k)  eku yhft, →2:f R R
 
%  

 ≠= +


2 2
2 , ( , ) (0, 0)

( , )
0 ,

xy x y
f x y x y

vU;Fkk  
 

 }kjk ifjHkkf"kr gSA tk¡p dhft, fd f fn'kk 

4
π

θ =  esa] (0] 0) ij fnd~&vodyt gS ;k 

ughaA fu"d"kZ fudkfy, fd iQyu f fcUnq (0] 0) 

ij vodyuh; ugha gSA  3 

(x) k ij fdl izfrca/ ds v/hu %  

→

−
20

cos sinlim
sinx

kx x x
x x

 

dk vfLrRo gksrk gS \ bldh lhek Hkh Kkr 

dhft,A  3 

4- (d)  (0] 1) ij 2 2( , ) 10 3 2f x y x y= + +  }kjk 

ifjHkkf"kr iQyu →2:f R R  ds f}rh; Vsyj 

cgqin Kkr dhft,A 4  
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([k)  pjksa esa uhps crk, x, ifjorZu djds 

fuEufyf[kr lekdy dk ewY;kadu dhft, % 6 

2
W

2
1 ( 3 )

x y z dx dy dz
y z

+ −
+ +∫∫∫  

 tgk¡ % 

W : ≤ + − ≤0 2 3x y z  

              ≤ − ≤0 2y z  

           0 3 1y z< + ≤  

 :ikUrj.k % 

       u = x + 2y – z 

v = y – z 

w = y + 3z. 

5- (d)  
2

2

[ ] 8lim
2x

x x
x+→

−
−

 dk ewY;kadu dhft,] tgk¡ [x] 

egre iw.kk±d iQyu gSA  2 

([k)  csyu 2 2 1x y+ =  ds vanj fLFkr vkSj lery 

x + y + z = 4 vkSj z = 0 ls ifjc¼ izns'k dk 

vk;ru Kkr dhft,A  4 
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(x)  jSf[kd iQyu dk iz;ksx djds iQyu 

→2:f R R  dh vodyuh;rk ifjHkkf"kr 

dhft,A ifjHkk"kk dk iz;ksx djds tk¡p dhft, 

fd iQyu 

        →2:f R R , 2( , ) 5f x y x y xy= + + , 

  (1, 1) ij vodyuh; gS ;k ughaA 4 

6- (d)  cy 2 2F ( , )x y=  }kjk js[kk&[k.M (1] 1) ls 

(2] 1) rd vkSj fiQj js[kk&[k.M (2] 1) ls 

(2] 2) rd ds vuqfn'k fcUnq (1] 1) ls 

(2] 2) rd d.k dks ys tkus esa fd;k x;k 

dk;Z Kkr dhft,A  4 

([k)  nks pjksa ds okLrfod eku iQyu ds fy, 

vLi"V iQyu izes; dk dFku nhft,A tk¡p 

dhft, fd %  

2 2( , )f x y x y= −   

 }kjk ifjHkkf"kr iQyu →2:f R R  ds fy, 

fcUnq (2] 2) ;k ;g izes; ykxw gksrk gS ;k 

ughaA   3 
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(x)  eku yhft, %  

1 (1, 0, 0),e =   

2 (0,1, 0)e =   

 vkSj      3 (0, 0,1)e =  

 fn[kkb, fd % 

1 22x e e= +  

 vkSj      2 3y e e= +  

 Øe'k% fcUnqvksa (1] 2] 0) vkSj (0] 1] 1) dks 

fu:fir djrs gSaA ewyfcUnq ls fcUnq x + 5y dh 

nwjh Kkr dhft,A  

7- (d)  ySxzkat xq.kkad fof/ ls lery 1x y+ =  ij 

( , )f x y xy=  }kjk ifjHkkf"kr iQyu 

→2:f R R  ds pje fcanq Kkr dhft,A blds 

vkxs] fn[kkb;s fd bl pje fcanq ij f dk 

LFkkuh; mfPp"B gksrk gSA 4 

([k)  eku yhft, % 

× →: [0, 2] [3, 4]f R  

2,( , )
1,

x
f x y

x

= 


;fn ifjes; gS

;fn vifje;s  gS
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 }kjk ifjHkkf"kr gSA fn[kkb, fd vk;r  

[0, 2] × [3, 4] ds fdlh foHkktd P ds fy,  

L (P, f) = 2 vkSj U (P, f) = 4A 3 

(x)  eku yhft, % 3 

→2:f R R  

3 3

3 3
3( , ) tan
2

x yf x y
x y

 −
=  

+ 
 

 }kjk ifjHkkf"kr gSA fn[kkb, fd % 

0f fx y
x y
∂ ∂

+ =
∂ ∂

. 
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