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ELECTIVE COURSE : MATHEMATICS
MTE-14 : MATHEMATICAL MODELLING

Time : 2 hours Maximum Marks : 50
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Note: Answer any five Questions. All questions carry
equal marks. Use of calculators is not allowed.

1. (a) Gas is emitted at a rate of 260 g/sec from a
stack with an effective height of 80 m. The
wind velocity at the stack is 6 m/sec and the
atmospheric class is D for the overcast day.
Determine the ground level concentration -
along the centre line at a distance 900 m
from a stack in micrograms per cubic metre.
(Given 6y = 69 m and o, = 295 m are the
standard deviations in the vertical and
cross wind direction respectively.) 3

(b) For the cubic total cost function
C=0-04q3 - 0-8¢2 + 10q + 5,
assume that the price of q is 13.per unit. Find
the output which yields maximum profit. 4

(¢) Derive Poiseuille’s law using dimensional
analysis. B
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2. (a)
(b)
(c)
3. (a)
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Discuss the static and dynamic stability for
the following demand and supply functions :

D, = — 0-8p; + 60
St =— 07pt + 40

Write the limitations of the Malthusian
model of population growth. et

The model for the number of infectives y ofa
population affected by the spread of a
non-fatal disease results in a differential
equation

dy

-‘—1-1—;- = y(NB -y —BY), Y(O) =Yoo,

where N is the total population at time t, yo
the initial infected population, y the recovery
rate and P the contact rate and N, yo, Y and B
are all constants. Solve for y and then show
that the epidemic converges exponentially to
the stable state.

The populations x(t) and y(t) satisfy the
model equations :

dx
& 14x-2x% -
& i

dy
Y _16y-2y2 -
" y — 2y% —xy

Determine the critical points of the system
and discuss the type of stability at critical
points. Which critical point represents the
possibility of co-existence of the two
populations ? ‘



" (b) The sale in a store since 1998 is g1ven

below :
Year Sale (in lacs)
1998 | 8
1999 10
2000 T
2001 11
2002 12
2003 9

Find the least square trend equation using
1998 as the zero year. ‘ 4

4. (a) At any instant, a particle is projected with a
velocity u making an angle a with the
horizontal direction. After a certain interval
t, the direction of the path makes an angle
B with the horizontal direction. Prove that

u cos o = gt/(tan o — tan B).
Also prove that the direction of motion
turns through an angle 6 in time

_ __usn¥
geos(®-o)

(b) . If the per capita rate of a population growth
be constant, discuss the behaviour of the
population at any time t depending on the
constant being positive or negative. 5
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5. (a)

(b)
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Consider the pay-off table for two players as

given below :

Player B

1 2 3
1] -4 -2 6
2 3 0 4
3 6 -3 -5

Player A

() Find the saddle point and the value of
the game.

(i) Give two equivalent linear programming
problems for the above case.

In a mall, customers arrive according to
Poisson distribution at an average of
10 customers per hour. The mall’s waiting
room can accommodate a maximum of
8 customers. The attending time per
customer is an exponential distribution with
mean rate of 15 per hour.

Find the :
(i) effective arrival time of customers. at
the mall.

(ii) probability that an arriving customer
does not have to wait.

(iii) probability that an arriving customer
will find a vacant seat in the waiting
room.



6. (a)

Return distribution of two securities are

given below :
Evenf Chance Return,
P1j = Pyj. Ry; Ry;
1 0-33 16 14
2 0-25 12- 8
3 0-17 8 5
4 0-25 11 9

Find the correlation coefficient p12 of the
two securities. What does the value of p;,

suggest about the shape of the curve
representing the set of portfolios of the two

securities ?

(b) A particle executes SHM. Its velocities are

8 ecm/sec and 6 cm/sec‘ when it is at distances

3 cm and 4 cm, respectively, from the mean

position. Find the time period and maximum

acceleration.

7. (a) Consider the arterial blood viscosity
p = 0025 poise. If the length of the artery
is 25 cm, radius 8 x 103 c¢m and
P = P, - P, = 4 x 10* dynes/cm?, then find
maximum peak velocity of blood and shear
stress at the wall. |
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(b)
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Consider the following PDE in three
variables representing the process of
diffusion and bulk motion :

Here the symbols have their usual
meanings.

(i) Write the steady state form of the
above equation.

(i) In the steady state model, if the wind
velocity is assumed to be in the
x-direction only and the mass transfer
due to bulk motion in the x-direction is
much larger than that due to diffusion,
write the simplified form of the above
equation.

‘ (iii) Verify that when diffusivities are same

in all the directions

K y2 z2 | u
= —expi—|"—+—|—
X D D j4x

where K is an arbitrary constant,
satisfies .the simplified equation
obtained in (ii) above.
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2. (F)

(@)

()
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