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Note: Question no. 7 is compulsory. Attempt any
 four questions from questions no. 1 to 6. Use of
calculators is not allowed.

1. (a) Consider f: R — R, defined by fix) = 2x + 3.
Find a mapping g:R—> R such that
fog (x)=x forall xeR. 2

(b) Check whether x° + x + 1 + x2 is irreducible

over Q or not. , ' 3

(¢) Let H and K be subgroups of a group G.
' State and prove a necessary and sufficient
condition for HK to be a subgroup of G. 5
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2. (a)
(b)
(c)

3. (a)
(b)

(c)
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Let G be a group of order 12 and lef Hand K
be subgroups of G of order 4 and 6
respectively. Check whether H N K = {e} or

not.

Consider the ring R = {f : Z — Z}, the set of
all mappings from Z to itself under the usual
addition and multiplication defined as the
composition of mappings. Find two non-zero
mappings f, g € R such that fog = 0 but
gof = 0. Further, let I be the set consisting of
those elements h of R with h(x) # 0 only for
finitely many integers. Is I an ideal of R ?
Give reasons for your answers.

Write the permutation (1 2 3)(2 3 5)asa
product of disjoint cycles. Is this
permutation even ? Give reasons for your
answer.

Prove that if G is a group such that G/Z(G) is
cyclic, then G is abelian. Further, give an

example, with justification, of a group G for
which G/Z(G) is not cyclic.

Consider the ideal I1=12Z of Z. Find a
proper ideal J of Z such that I + J = Z.

Give two distinct elements of R[x]/<x3 + 1 >,

with justiﬁcation.



4. (a)

(b)

5. (a)

(b)

(o)

6. (a)

(b)

Show that if H is a subgroup of G, then 80 is
xH x'l-, where x € G. Also show that H and

" xHxlare isomorphic. 5
Obtain the quotient field F of Z +(J—3)Z.
Also find the prime subfield of F. 5
Find the nil radical of (§(X), U, N), where X
is a non-empty set. » 2

- Consider S={1,4,71,74} ¢ Z;5. Make a
Cayley table for S with respect to *,

" multiplication medulo 15. Use this table to
check whether (S, *) is a group. | 6
Give an exainple, with justiﬁcatioﬁ, to shqw
that the fundamental theorem of Algebra
does not hold true for Q. | 2
Show that R[xl/<x?+1> =~ C, using the
fundamental theorem of homomorphism for
rings. 7
Find the number of normal subgroups of
order 7 and of order-8 of a group of order 35. 3
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7. Which of the following statements are true and
which are false ? Justify your answers either
with a short proof or with a counter-example. 5x2=10

(a) If G is a group of order n, then G has an

element of order n.
(0 Ifag+a;x+.. +ax"e Zlx]is irreducible

over Z, then & +a3x+..+ayx" |is

irreducible over Zg.

d If ¢:R—>S is a ring homomorphism
between two rings with unity, R and S, then
¢ + 1; defined by (¢ + 1) (r) = ¢(r) + 1, is also
-a ring homomorphism from R to S.

(e) ForanytwosetsAand B, AxB=BxA,

—————
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