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ELECTIVE COURSE : MATHEMATICS
MTE-02 : LINEAR ALGEBRA

Time : 2 hours Maximum Marks : 50
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Note : Question no. 7 is compulsory. Attempt any four
questions from Q. No. 1 to Q. No. 6. Use of
calculators is not allowed.

L. (@ Let V={f :R>R|f(®x=x+a,ae R}
Check whether V is a vector space over R if
the addition on V is composition of functions
and scalar multiplication on V is defined by
afa = faa, ac R. 3

(b) Let V be a vector space which is generated
by a finite set of vectors {Vl’ Vs ors vn}. Prove
that any linearly independent set of vectors
in V is finite and contains not more than n

elements. 4
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Let W, and W, be two subspaces of a vector
space V. Prove that W, U W, is a subspace
of Vifand only if W, W, or W, c W,

Let T :R2 — R? be a linear transformation
defined by T(xl, X, x3) = (x1 + X, 2x3 - Xl)‘
IfB=1{1,0, -1, (1,1, 1), 1,0, 0) and
B’ = {(0, 1), (1, 0)} are ordered bases of R3
and RZ, respectively, find the matrix of T
with respect to the pair B, B’.

Check that the matrix

0 1 0
A=|1 0 0] is diagonalisable. Also, find

0 0 1

an invertible matrix P such that PlAPisa
diagonal matrix.

Show that the vectors v, = (21, 1, 0),
v,=(2,-1, Dandvy=(0,1+1i,1-1i)forma
basis of vector space C3 over C. Find the
coordinates of the vector (1, 0, 1) with

respect to the ordered basis {vl, Vs v3}.
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(b)

(c)

4. (a)

(b)
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Verify Cayley — Hamilton theorem for the

matrix
5 2 -3
A=|1 8 —1|. Alsofind A7l ifitexists. 4

2 2 -1

Let (V, <, >) be an inner product space and
let T € A(V) be self-adjoint. Prove that the

eigenvalues of T are all real. 2

Use Cramer’s rule to solve the following

system of linear equations : 3

X+y+z=11
2x—-6y—-z=0

Ix+4y+2z=0

Given the basis {(1, -1, 3), (0, 1, —1),
(0, 3, — 2) of R3, determine its dual basis. 5
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(¢) Find D: for the operator D, defined on P

n
(@g+at+... +a t" by +bt+.. + b t%) = E a;b;.

5. (a)

(b)
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by D, fit) = t f'(t). Inner product on P_ is
i=0

Let V={(a,b,c,d) € R4|a+b+2c+2d=0}
and W = {(a, b, c,d) e R*|a=-b, c=—d}
Check that V and W are subspaces of R*.
Further, check that W is a subspace of V.

Let V be the vector space of polynomials
with real coefficients and of degree at most

2. Define inner product on V by
1
f, g = J‘ fit) g(t) dt

0

Apply the Gram —Schmidt
orthonormalization process to the basis

{1, x, %2 + 1} to find an orthonormal basis for

V.
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6.

(a)

(b)

(0

Reduce the quadratic form 8x% — 4xy + 5y2 to
its normal canonical form. Find its principal

axis. Also find its rank and signature.

Consider the function f: R — R given by
f(x) = x2 + x + 1. Check whether fis 1 — 1 and

onto.

Find all the values of ‘a’ for which 1 is an

1 a
eigenvalue of the matrix { :l
2 1

Which of the following statements are true and

which are false ? Justify your answer either with

a short proof or by a counter example.

¢y)

(i)

(iii)
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Similar  matrices have the same
characteristic polynomial.

The subspace W = {(%, y, z) € R® I X + 3y =z}
of R3 is of dimension 2.

Eigenvectors corresponding to disti.nct

eigenvalues of a linear transformation are

linearly independent.

10
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(iv)

(v)
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There exist vectors u and v in an inner
product space such that |ju]| = 2, |v|| = 7,

lu+vl=8 and |ju-v| =6.

If W, and W, are subspaces of a vector space
Vand W, + W2 =V, then W, N W2 = {0}.
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(iv) T it UH @afy § ¥ i u iR v #
sfwrea g 8 fmes fore | = 2, v = 7,
lu+vj=8 3R lu-vj=6 2

v) AR W, R w, wfew wafE v R sl
AW, + W, =V AW, nW,= (0 &
2
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