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Note : Answer question number 1 which is compulsory.

Attempt any four from the remaining six.

1.  Are the following statements true or false ? Justify
your answer with the help of a short proof or a
counter example. 5x2=10

(@) If Ais a normal operator and B is an unitary
operator on a Hilbert space H, then AB is a
normal operator on H.

(b) A normal space X is separable implies that
the dual space X' is separable.

(c) Every absolutely convergent series in a
Banach space is convergent.

(d) If A and B are non-empty subsets of an inner
product space X and BE A, then gL — pLl.

(e) Every linear map on a normed space is
bounded.

2. (a) Let X be a normed space and ae X. Show 3
that there exists an fe X' such that
llall = Sup { If(2)] : fe X", |ifll<1 }.
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Let X be a normed space and Y be a Banach
space and Xz{ 0 }. Show that B< (X, Y) is a
Banach space.

Let A be a bounded linear operator on a
Hilbert space H and ||A(x)||=|x|| “*xeH.
Show that A is unitary.

Define a reflexive normed space. Show that
1 is reflexive for 1 < p < «. Is I' reflexive ?
Justify your answer.

When are two norms on a linear space said
to be equivalent ? Give two inequivalent
norms on C' [0, 1]. Justify your answer.

Let X be a finite dimensional normed space
and A : X— X is a linear map. Show that A
is compact. Is this result true if X is infinite
dimensional and A is a continuous linear
map ? Justify.

Let H be a Hilbert space and AeB < (H) be
unitary. If {u, } is an orthonormal set in H,
show that { A(u,) } and { A*(ua) } are
orthonormal sets.

Let X, Y be normed spacesand T : X - Y be
a bounded linear map. Show that T is
uniformly continuous.

Show that the spectrum of a bounded linear
map may be empty. Also give an example
to show that there are operators A, with
o (A)zd but o (A) = ¢.

Let Xand Y be normed spacesand F: X » Y
be linear. Define the transpose F' of F. If F is

continuous show that F' is continuous and
|[F*}| = |[F.



(©)

(b)

(b)

(©)

MMT-006

Let X=IR"™

Let |lx||_ =max {|aq], |aq| o Jaglh
x=(aq Qg a,) €IR™

Show that || - || _ is @ norm on X.

Let X and Y be normed spacesand F: X »Y
be a continuous linear map. Show that F is
closed . Is the converse true ? Justify.

Let Xand Y be normed spacesand F: X —»Y
be linear. Prove that F is continuous if and
only if every cauchy sequence { x, } in X,
the sequence { F (x,) } is cauchy in Y. Show
that this is not true for non-linear
continuous map.

Let F be a finite dimensional subspace of an
inner product space X. Then show that

X=F+Fland F' = F

Let X=120, 1] and ¢eL>=[0, 1] and A be
the operator on X given by Ax =éx, xeX
show that the operator B : X — X defined by

Bx = ¢ x, xeX, is the adjoint of A. Where ¢

is the complex conjugate of ¢.

State open mapping theorem. Show by an
example that the theorem may not hold if
any of the normed spaces are not Banach.
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