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Dear Student, 

 

Please read the section on assignments and evaluation in the Programme Guide for Elective Courses that 

we sent you after your enrolment.  A weightage of 30 per cent, as you are aware, has been assigned for 

continuous evaluation of this course, which would consist of one tutor-marked assignment.  The 

assignment is in this booklet. 

 

Instructions for Formatting Your Assignments 
 

Before attempting the assignment please read the following instructions carefully. 

 

1) On top of the first page of your answer sheet, please write the details exactly in the following format:                                               

 

 

ROLL NO.:…………………………………………… 

 

NAME:…………………………………………… 

 

ADDRESS:…………………………………………… 

 

…………………………………………… 

 

…………………………………………… 

COURSE CODE:      ……………………………. 

COURSE TITLE:     ……………………………. 

ASSIGNMENT NO.  ………………………….… 

STUDY CENTRE:    ………………………..….. DATE: ……………………….………………... 

        

    

PLEASE FOLLOW THE ABOVE FORMAT STRICTLY TO FACILITATE EVALUATION AND 

TO AVOID DELAY. 
 

2) Use only foolscap size writing paper (but not of very thin variety) for writing your answers. 

3) Leave 4 cm margin on the left, top and bottom of your answer sheet. 

4) Your answers should be precise. 

5) While solving problems, clearly indicate which part of which question is being solved. 

6) This assignment is to be submitted to the Programme Centre as per the schedule made by the 

programme centre.  Answer sheets received after the due date shall not be accepted. 

We strongly suggest that you retain a copy of your answer sheets. 

7) This assignment is valid only upto December, 2024.  For submission schedule please read the section 

on assignments in the programme guide.  If you have failed in this assignment or fail to submit it by 

December, 2024, then you need to get the new assignment for the year 2025 and submit it as per the 

instructions given in the programme guide.  

8) You cannot fill the exam form for this course till you have submitted this assignment.  So solve it 

and submit it to your study centre at the earliest. 

 

 

We wish you good luck. 
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Assignment  
   

 

Course Code: MMT-006 

Assignment Code: MMT-006/TMA/2024 

Maximum Marks: 100 

 

1. a) Let }0)0(f:]1,0[Cf{X =∈=  (3) 

   








=∈= 
1

0

0dt)t(g:xgY   

 Prove that Y is a proper subspace of X. Is Y a closed subspace of X? Justify your 

answer.  

 b) Let ]1,0[LX p
= and .t)t(xx 2

==  Find 
p

x for 4p = and .∞    (3) 

 c) Let E be a subset of a normed space X, EspanY = and .Xa ∈ Show that Ya ∈ if and 

only if 0)a(f = whenever Xf ′∈ and 0f = everywhere on E .   (4) 

2. a) Consider the space .c00 For ,c,...)x,...,x,x(x 00n21 ∈= define .x)x(f
1n

n
∞

=

= Show that f 

is a linear functional which is not continuous w.r.t the norm .xsupx n
n

=   (5) 

 b) Consider the space ]1,0[C1 of all 1C functions on ]1,0[ endowed with the uniform norm 

induced from the space ],1,0[C and consider the differential operator 

).],1,0[C().],1,0[C(:D 1

∞∞
→ defined by fDf ′= . Prove that D is linear, with closed 

graph, but not continuous. Can we conclude from here that ]1,0[C1 is not a Banach 

space? Justify your answer.  (5) 

3. a) When is a normed linear space called separable? Show that a normed linear space is 

separable if its dual is separable [You should state all the proposition or theorems or 

corollaries used for proving the theorem]. Is the converse true? Give justification for 

your answer. [Whenever an example is given, you should justify that the example 

satisfies the requirements.] (6) 

 b) Let X be a Banach space, Y be a normed linear space and � be a subset of ).Y,X(B If 

� is not uniformly bounded, then there exists a dense subset D of X such that for every 

}F:)x(F{,Dx �∈∈ is not bounded in Y.     (4)  

4. a) Read the proof of the closed graph theorem carefully and explain where and how we 

have used the following facts in the proof.         (6) 

  i) X is a Banach space. 

  ii) Y is a Banach space. 

  iii) F is a closed map. 
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  iv) Which property of continuity is being established to conclude that F is continuous. 

 b) Which of the following maps are open? Give reasons for your answer.    (4) 

  i) 23:T RR → given by ).z,x()z,y,x(T =  

  ii) 33:T RR → given by ).0,y,x()z,y,x(T =  

5. a) Let R→]1,0[C:f be given by ].1,0[Cx)1(x)x(f ∈∀=  Show that f is continuous w.r.t the 

supnorm and f is not continuous w.r.t the p-norm.   (5) 

 b) Let X be an inner product space and .Xy,x ∈ Prove that yx ⊥ if and only if 

.Kk,ykxyxk 222
∈+=+       (5) 

6. a) Let 3RH = and F be the set of all )x,x,x( 321=x in H such that .0x1 = Find .F⊥  Verify 

that every H∈x can be expressed as zyx += where F∈y and ⊥
∈Fz .      (5) 

 b) Given an example of an Hilbert space H and an operator A on H such that )A(eσ is 

empty. Justify your choice of example.  (2) 

 c) Let A be a normal operator on a Hilbert space X. Show that )A()A( aσ⊂σ where 

)A(aσ denotes the approximate eigen spectrum of A and )A(σ denotes the spectrum of 

A.      (3) 

7. a) Let 00cX = with ..
p

Give an example of a Cauchy sequence in X that do not converge 

in X. Justify your choice of example.   (4) 

 b) Give one example of each of the following. Also justify your choice of example.   (4) 

  i) A self-adjoint operator on .2
l  

  ii) A normal operator on a Hilbert space which is not unitary. 

 c) Let X be a normed space and Y be proper subspace of X. Show that the interior 0Y of Y 

is empty.     (2) 

 

8. a) Let X,Y be normed spaces and suppose BL(X,Y) and CL(X,Y) denote, respectively, 

the space of bounded linear operators from X to Y and the space of compact linear 

operators from X to Y. Show that CL(X,Y) is linear subspace of BL(X,Y). Also, Show 

that if Y is a Banach space, then CL(X,Y) is a closed subspace of BL(X,Y).   (5) 

 b) Define a Hilbert-Schmidt operator on a Hilbert space H and give an example. Is every 

Hilbert-sehmidt operator a compact operator? Justify your answer.  (5) 

9. a) Let }A{ n be a sequence of unitary operators in BL(H). Prove that if 

),H(BLA,0AAn ∈→− then A is unitary.   (4)  
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 b) Define the spectral radius of a bounded linear operator ).X(BLA ∈ Find the spectral 

radius of A in ),(BL
3
R where A is given by the matrix  

   

















−

−

100

001

010

 

  with respect to the standard basis of 3
R .   (4)  

 c) Let X be a Banach space and Y be a closed subspace of .X Let Y/XX: →π be 

canonical quotient map. Show that π is open.    (2)  

10. State giving reasons, if the following statement are true or false.       (10) 

 

a) A closed map on a normed space need not be an open map. 

b) 00c is a closed subspace of .∞
l  

c) The dual of a finite dimensional space is finite dimensional.  

d) If 1T and 2T are positive operators on a Hilbert space H, then 21 TT + is a positive 

operator on H. 

e) On a normed space ,X the norm function C→X:. is a linear map. 


