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BACHELOR'S DEGREE PROGRAMME 

Term-End Examination 

June, 2011 

ELECTIVE COURSE : MATHEMATICS 

MTE - 6 : ABSTRACT ALGEBRA 

Time : 2 hours 	 Maximum Marks : 50 

Note : Attempt 5 questions in all. Question No. 7 is 

compulsory. Answer any four questions from the rest. 

Use of calculator not permitted. 

	

1. 	(a) Write two distinct equivalence relations on 	5 

the set S = {a, h, 	,. Justifying your 

answer. 

(b) Let G be a group arid H, K be normal 	2 

subgroups of G. Let HnK {e} . Then 

show that hk—kh for each hef t  kEK. 

(c) Give an example, with justification, of a ring 	3 

R and its ideals I and J such that II #1n J. 

	

2. 	(a) Determine whether the following groups 	4 
are cyclic w.r.t. componentwise addition : 
Z3  X Z3, Z3  X Z3. 

N[X]  

	

(b) Show that the quotient ring-( 7  —TT is 	6 
x + I) 

isomorphic to the field C of complex 
numbers. 
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3. 	(a) Give an example, with justification, of two 	4 

primes p and q in Z such that p is a prime 

in 	also but q is not a prime in Z[i]. 

(b) Let G be a group and a, b E 	If a:" = e, 

aba 	b2, then find the order of b. 

U[X] 
(c) Give two distinct elements of 	, 	 2 

( x-  +7 

	

4. 	(a) 	Show that there is no permutation u. in S5 	2 
satisfying (ro  (1 2 3) 0 (4 	— 	2 3 4 5) 0 (.7 

(b) Let I= <x2  +2x + 3> and I = 	+ +1> be 	3 
ideals in Q [xl. Find a g E OH such that 

1+] = < g >. 

(c) Show that every group of order 20 has a 	3 
proper normal non-trivial subgroup. 

(d) If fl is a subgroup of a finite group G, define 

the 'index of H in G'. 

Also find the index of ((2 3 4)) in S t . 

IQ Y /' 

	

5. 	(a) Check whether R = 	.'+18x-  +3x+6) 	4 

is a field or not. If R is a field, find its 

characteristic. If R is not a field, obtain its 
quotient field. 

(b) Prove the following stateinent using the 	4 

principle of mathematical induction : 
If p (x) ao  + a t x + 	+ a o x" F. R [x] and 
a F R, then p (x) can be written as 

bo  + (x — a) + + (x — a)" h E RV i= 0, 	n 

(c) If x= 	ij= 73, := 	in Z 5, find .12  y -2  Z. 	2 

4 
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6. 	(a) Let R and R' be commutative rings and 	2 
f : R --> R' be a ring homomorphism. Prove 
or disprove that if 1 is an ideal of R, then1(1) 
is an ideal of R'. 

(b) Let G be a group and 	 3 

Z (G) = 	E 	 G}. If (;) /z/  (G) is 

cyclic, then show that G is an Abelian group. 
(c) I et (D. 6) be a Euclidean domain. Prove 	3 

that for every integer n such that 6 
(I) + 	0, the function ft, : 1.) \ {U} ---> 	: 
(a) i (a) + n is a Euclidean valuation on 1). 

(d) Let G he a cyclic group of order b. Can G be 	2 
isomorphic to a subgroup of S, ? lustily your 
answer. 

	

7. 	Which of the following statements are true ? Give 	10 
reasons for your answers. 
(a) If every proper subgroup of ( is cyclic, then 

t__.; is also cyclic. 
. 

i (b) + 1 is irreducible in Zri  
(c) The symmetric group S i  has an element of 

order 30. 
(d) If G I , G-„, G:-;  are three groups of order six, 

then there is a pair among them which are 
isomorphic to each other. 

(e) If k is a field, so is k x k. 
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1. 	(a) 	4:-1 4:1- 1'--1 S= { a, b, c} 7-TT t3-17:17-1-3-Thin 77:417T 	5 

72.11' 397 -°;97 TtL 	 1;11,-TiQ, 

(b) 	vi 	\YR fqiC, 	T FE, K TITft G 4) 	2 

	t 

 

	iHi9 i 1:119ftfrtJ 	H n K = tel 

't I -Tq, 7Ttr, 	hEti, kEK 

hk =kh I 

(c) 7194, 	 R 7?-11 	qui,iiiH7 1 I 	3 

34_T J chi TI tTn 3l1 c1lC 	1cb rci(J, 

IJ#InJ Ti 

	

2. 	(a) 	. -.1/1F-Tff 	(4-q I ff--.Itt(1.1-417 :1.71.-d- 1-4a-0 	4 

	*Trr4F,,T 	: 

z,xz,. 
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(b) 
R[x] 

6 77177 cr, 	qF-zr 
(x2+1

) TrillM t--1(.9=i1A 

C 	vAla-)1( t 

3. (a) 4 laftZ -k 7121, ZW 	Ip3qT 

-) tgT 6(!.14,u1 (i)i-\71 	6 	Z[i] 	A- 

q, Z[i] 	3-1.14" 	9 tf I 

(b) 141-9. 	fT G 17) 7711:7 	TT a, b 	G 	4k 4 

a5  = e, aba 	-= b2  t, 	 1IcT 1-11Z1 

4. 

(c) 

(a) 

Q[X] 
2 

2 

ai(1.1-37,Tri 3-T7774 7.7 F3-to, 
x` +7 

71t7f 	uo  (1 23)0(45)_(12345)0(T 

(7 

(b) TT9 	T9'tf-77 	= <x2  + 2x -F 3> 	3T1 3 

J =<x3  +x + 1 >, Q [x] 	qi-i[sTtir-i1o?-41.  t 	TT 

g E 	[Xi 717 q5tri 	f-7,774 	± 	< g > 

(c) -q:dw<I f 	-Aft 20 clIc:f ,Ac;)* T117 3 

t I 

(d) kHLl-) 7ft-f-Ho 	G chl 	 t, 

"G 14 H .k 	 qroTrfrT-d -A-1771 Hiq 

2 

s4 	((2 3 4)) 4) tqq-)11-) c4)  711ci 
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5. 	(a) 	\;ITT1 	 P= 	Ax'+18x2  +3x-1-6) 
	

4 

e;r5T 	7:11 TO I 	R 	a'71-51 t, .41 14.4-W1 

	

-1f1 NRI* 7,i1cr *"I FIR I Trk P 1T,-6F :17 	*, 

3Hc1I 	T1TITFT 	•71 	 I 

(b) fr4 11), 4 1113 RM—I 31111H'T 
	 4 

Fr 	 f,5 '4,  R 

(T) 	i .v 	 c R [xi ,3117 

a E R,Ti7 	(.I) 	4:, 4 	Ifi7ITIT iT t-ici-)11 	: 

/50 	 -- a) +.. . -/- 	( v 	q.-er 

1,i 6 1:Vi 	! 	a. 

(c) 7f7; 	 , 	, .7_ -= 	c I , 	x2  y 2 
	

2 

7,77 -74-rits".3117, I 

	

6. 	(a) 149 	P 4R-  P' 	 t" T41' 
	

2 

1: P 	77; 1,1'4 77 4-11ch1r4,01 	-41 ficr,q, 

It 	f=f-, 7-ik 	N 4)1 TTaFI 411-11\1101cth 

ft /(1), R' 	Tr-,Tc 	 t.rit 
(b)  	7 fnlu f.T; (; Tr 71-57; U9-11. 

	
3 

01 = 	 =- 	.VEQt1 it 

G / 	
1 7,71-ITT 	G 	31T4- 1 

711-{, 514 11 

1TFi 	tF; [ 8) Li,* 	 I #1Z, 	3 

7-.-1-fifc.,17, ft 1.-4 .77 T 'a,A\ 1j1Tfl 	n 

6 (1) + 	;71r , 	 n  : D \ {0} ---> Z • 

f 	8 (d)-i- ft I) It -crT- 	t 
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(d) 179' (41F\TR rcn G 	6 qr-OT 	'qM-17)i 717 t1 	2 

z1T G, t f-*7# 	sr-gichik1 

31-144 6712 

7. 	P-P--Ifc1R5d -44 	09•-74 	2.1"•ff etirti 	3-714 

chRut 
	 10 

(a) Tit G 	612c1c1 34R-14-0 	f t, c G %ft 

-c.N) 4 64111 

(b) x2  +1, Z5  [x] 14 3-747T9-171.  *1 

(c) -14-1P-171 T1-17 Si 1 	2:tr 30 •TT 	31-171-d 

(d) Tifq G1, (7,2, G3 	6 t c11 	iTI17 

-k-(4t7'r7T1**qc-qii-)R"Itt 

(e)  
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