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Note : Question no. 1 is compulsory. Attempt any four of 

the remaining questions. 

1. State whether the following statements are 
true or false. Give a brief justification, with a 
short proof or a counter example, to support your 
answer. 	 5x2=10 

(a) The image of a convex set under a real 
linear functional is an interval. 

(b) In a Banach space, every absolutely 
convergent series is convergent. 

(c) If X is a normed linear space, x, y E X and 

f(x) = f(y) for every f E X', then x = y. 

(d) If M is a linear subspace of a Hilbert space 

H and if MI  = (0), then M = H. 

(e) A bounded linear operator A on an 

infinite-dimensional Hilbert space cannot 

be compact, if A3  = I. 
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2. (a) Prove that a normed linear space is 

finite-dimensional, if the unit ball is 

compact. 

(b) If a Hilbert space H has a countably 

infinite orthonormal basis, then show that 

H is linearly isometric to /2. 

(c) Prove or disprove : Every bounded linear 

operator on a complex Hilbert space has an 

eigenvalue. 

3. (a) If (an) is a sequence such that (an  bn) 

converges to zero for every sequence (bn) 

converging to zero, then prove that 

(an) E l°°. 	 4 

(b) Let X be a Banach space, and AI! E BL(X). 

Show that if B is compact, the spectra of A 

and A + B are the same, except for 

eigenvalues. 	 4 

(c) Find {(1, 1, 0), (1, 0, — 1))' in R3. 	 2 

4. (a) Give an example of a compact self-adjoint 

operator on /2, with justification. 	 3 

(b) Give an example of a non-zero bounded 

linear operator that is not open, with 

justification. 	 2 

(c) Prove that the dual of co  is linearly 

isometric to 11. 	 5 
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5. (a) If f is a linear functional on a normed linear 
space whose zero space Z(f) is closed, prove 
that f is continuous. 

(b) Let X be a Banach space with norm 
II • II. Let l°°(X) denote the linear 

space of bounded sequences in X. Show 
that r(X) is a Banach space with norm 

II (xn) IL : = sup II xn  II. 
n 

(c) Let H be a Hilbert space and let u, v E H. 
Define Ax = < x, u > v, x E H. Prove that A 
is a linear, compact operator. 	 3 

6. (a) Compute the norm of the linear map 

(C2, II • II I) --> (C2, 0 • L.), (z1, z2) 	(z1, z2). 	2 

(b) Prove that a bounded linear operator 
A on a Hilbert space H is normal 
iff IIA* x11=11AxIi V x e H. 

(c) Let X be the real normed linear space 
(C4, II • 11) and let Y = R2  be its subspace. 
Prove that Y is a closed subspace of X and 
that X / Y is a normed linear space. 
Further, give 2 distinct elements of X / Y 
with positive norm. 	 5 
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