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MMT-003 : ALGEBRA

Time : 2 hours Maximum Marks : 50
(Weightage : 70%)

Note : Question no. 1 is compulsory. Answer any four
questions from questions no. 2 to 6. Use of
calculator is not allowed.

1. State with reasons, which of the following
statements are True and which are False : 5x2=10

(a) The system of congruences
2x = 3 (mod 2)
3x =2 (mod 3)
has a unique solution modulo 6.

(b)  The splitting field of a polynomial fix) over
a finite field F is finite.
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(c)

(d)

(e)

2. (a)

(b)

(e)

3. (a)

(b) -

(c)
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If a finite group G acts on a finite set S,
then Ggs = GS forallse Xandge G.

If G is a finite group of order 16, then G
cannot have an irreducible representation
of degree greater than two.

If p, q are primes and p is a quadratic
residue modulo q, then q is a quadratic
residue modulo p.

Show that the finite field F;; contains a

subfield of order 4, but not of order 8.

What are the degrees of splitting fields of
the polynomials

@ f=xt-1
() gx)=x*+1
over Q ?

State and prove Chinese Remainder
Theorem.

How many Sylow 11l-subgroups are there
for a group G of order 484 ?

How many irreducible representations are
there for the cyclic group C3=1(1, a, a2} ?

Let G be a group and p : G > GL (n, R) be
a faithful representation. Suppose p (g) is a
diagonal matrix V g € G. Show that G is
abelian.



(d) Is there a field of order 9 ? If yes, list all

the elements of the field. 3
ol oi20_ oif
4, (a) Show thath(el®) =
0 ei29

is a representation of the circle group °
S = S0(2). 3

(b) Let S = {T, 2, ,p—;l} be the subset of

residue classes modulo p. For s € S and
a€Z p x a, let es(a) be such that

sa = e (a) a. Show that (E) =11 eg(a). 5
' P seS
(¢) Show that the number of irreducible
representations of a finite group G does not

exceed the number of elements in the group.

2
5. (a) Find a generator for the cyclic
multiplicative group F,; (of the field F),

F, =F;\ (0. 2

(b) Let F be a field of characteristic # 2. Let a
and B be roots of X2 — a € FX) and
X2 - b € F(X), respectively. Show that
(o + P) is a root of
X4-2@+b)X2+(a-b2 5
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() Let G = {1, a, a%} be the cyclic group of
order 3 and let p be a representation of G

' -1 -1
given by p(a) = .

1 0

Check whether p is irreducible. 3

6. (a) Suppose K is an extension field of F and the
degree [K : F] = 17. Show thatifae K\ F,
then the degree of a is 17 over F. 2

(b)) Let o€ An. If Z(o) has only even
permutations, then show that partition of
n corresponding to ¢ are odd and distinct. 5

(¢) Let F be a finite field with q elements. Let

1 1 ‘
as= [ } € GLy(F). Find N(a) and its
0 1

order. 3
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