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Note : Attempt five questions in all. Question no. 7 is
compulsory. Answer any four questions
from the rest. Use of calculator is not allowed.

1. (a) Let

a b
M, (@ =
c d

be the ring of 2 x 2 matrices over @ with
usual matrix addition and multiplication

a,b,c,deQ

and let
a b]

R= eM,(Q|a=d,c=0;
c d

(i) Check that R is a subring of M2(Q). Is
R commutative ? Justify your answer.
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(b)

(c)

2. (a)

(b)

MTE-06

b
(i) Let 1=”’jl }ER azdzo}.
c d

IsI an ideal of R ? Justify your answer.. - -

If Q* is the set of non-zero rational numbers
and * is an operation defined on Q* by

asb= % for all a, b € Q*, then show that

(Q*, *) is a group.

List all the proper non-trivial subgroups of

Z,

Prove that

Qlx]

—5— — —— is afield extension of Q.
(xX°+x+1) .
Z2 [X]

—5 - have nilpotent
(x” +1)

Does the ring

elements ? Justify your answer.



(©

3. (a)

(b)

()
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Shpw that, a group of order 15 has a unique
Sylow 3-subgroup and a unique Sylow
5-subgroup. Deduce that any group of order
15 is cyclic. 5

Find the greatest common divisor of
2x2 + 7x + 3 and x2+ 8x + 15 in Q[x]. 2

Let R* be the group of non-zero real

numbers under multiplication. Define
0 : GL3 (R) > R* by 6(A) = det(A) for all
Ae GL3(R).

Show that 6 is a homomorphism and deduce
GLg(R) '

that ~
SL, R)

Let

R={E‘m,neZ,n=2a3b,a.beZ,a,b20}.
n

Check whether R is a ring under the usual
addition and multiplication of rational
numbers. Is it commutative ? Does it have

an identity element ? Justify your answers. 5
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4. (a)
(b)
(c)
5 (a)
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Is A = {(1, 1); (1, 2), (2, 1)} a transitive,
reflexive and symmetric relation ? Justify

your answer.

Let G be the group of non-zero complex
numbers under multiplication. Let N be the
set of complex numbers of absolute value 1.
Show that N is a normal subgroup of G and
G/N is isomorphic to the group of all positive

real numbers under multiplication.

Show that, if G is a finite group containing
an even number of elements, then there
exists an element a in G such that a # e and

aZ = e, where e is the identity element of G.

Write out the multiplication table for the

following set of matrices over Q :

1- 0]([-1 o0}]]1 0] [-1 0
o 1{|o 1[jo -1f]{o0o -1
Check whether the set forms a group under

matrix multiplication.



(b)

6. (a)

(b)

(c)

(d)

Show that an ideal I in C[x] is a prime ideal
ifandonlyif I=(0) orI=(x—-a) for

some a€e C:

Show that ¢ : C —» MyR) defined by

a b

¢(a+ib)=[ ],a,beR

-b a

is a homomorphism of rings. Also find the
kernel of ¢.

Find the quotient field of the integral

domain {o +if | o, B € Z).

What is the characteristic of a field F
containing 25 elements ? Also give the prime
subfield of F.

Give all the units of Z1 5

7. Which of the following statements are true and

which are false ? Justify your answer.

@

(ii)
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There is a field containing 10 elements.

The set of all odd integers is a group under

addition.
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(iii) IfK, H, G are groups such that K is a normal
subgroup of H and H is a normal subgroup of
G, then K is a normal subgroup of G.

(iv) Themap f: R — R defined by f(a) =2a for

all a € R is a ring homomorphism of rings.

(v) Z2 X Z3 is a cyclic group.
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(i) A ST
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=1 I, R U TUNTEel! 8 2 319 W
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4. (E) I A = {(1’ 1)) (1, 2)7 (2, 1)} W, W
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(m)
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i) IR K, H, G %@ uqg & Fe o K, H
A 3UEE @ 3R H, G %1 YEH 396
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(iv) R # @t a%%ﬂ f(a)=2a7:{l'{'l‘1ﬁ’1'lﬁ'ﬁ
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MTE-06 12 5,000



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12

