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BACHELOR'S DEGREE PROGRAMME 
(BDP) 

05306 	Term-End Examination 

June, 2015 

ELECTIVE COURSE : MATHEMATICS 
MTE-06 : ABSTRACT ALGEBRA 

Time : 2 hours 	 Maximum Marks : 50 

(Weightage : 70%) 

Note : Attempt five questions in all. Question no. 7 is 
compulsory. Answer any four questions 
from the rest. Use of calculator is not allowed. 

1. (a) Let 

a 
M2(Q) = 	 a, b, c, dEQ 

be the ring of 2 x 2 matrices over Q with 
usual matrix addition and multiplication 
and let 

3 

R 
c 	d 

M2(Q)  
}

a = d, c = 0 • 

(i) 	Check that R is a subring of M2(Q). Is 

R commutative ? Justify your answer. 
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(ii) Let I = 

bdi
ER  a = d = 0} • 

  

Is I an ideal of R ? Justify your answer.. 

(b) If Q*  is the set of non-zero rational numbers 

and * is an operation defined on Q*  by 

a * b = ab for all a, b E Q*, then show that 
3 

(Q*, *) is a group. 

(c) List all the proper non-trivial subgroups of 

Z12.  12 2 

2. (a) Prove that 

Q[x]  

(x2  +x+1) 
is a field extension of Q. 	3 

(b) Does the ring have nilpotent 

elements ? Justify your answer. 	 2 
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(c) Show that, a group of order 15 has a unique 

Sylow 3-subgroup and a unique Sylow 

5-subgroup. Deduce that any group of order 

15 is cyclic. 

3. (a) Find the greatest common divisor of 

2x2  + 7x + 3 and x2  + 8x + 15 in Q[x]. 	2 

(b) Let R* be the group of non-zero real 

numbers under multiplication. Define 

9 : GL3  (R) —> R* by 9(A) = det(A) for all 

A E GL3(R). 

Show that 0 is a homomorphism and deduce 
GL,, 

(R)  

(R) 

SL3 
that 	" 	R*. 

(c) Let 

m,neZ,n= 2a3b, a.bEZ,a,b>0I. . 

Check whether R is a ring under the usual 

addition and multiplication of rational 

numbers. Is it commutative ? Does it have 

an identity element ? Justify your answers. 	5 

R 
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4. (a) Is A = 1(1, 1), (1, 2), (2, 1)1 a transitive, 

reflexive and symmetric relation ? Justify 

your answer. 

(b) Let G be the group of non-zero complex 

numbers under multiplication. Let N be the 

set of complex numbers of absolute value 1. 

Show that N is a normal subgroup of G and 

GIN is isomorphic to the group of all positive 

real numbers under multiplication. 	 4 

(c) Show that, if G is a finite group containing 

an even number of elements, then there 

exists an element a in G such that a # e and 

a2  = e, where e is the identity element of G. 	3 

5. (a) Write out the multiplication table for the 

following set of matrices over Q : 

[

1 	0 — 1 	0 1 	0 	—1 

0 1 0 1 0 —1 0 —1 

Check whether the set forms a group under 

matrix multiplication. 	 5 
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(b) Show that an ideal I in C [x] is a prime ideal 

if and only if I = ( 0 ) or I = ( x — a) for 

some a E C. 
	 5 

6. (a) Show that 	: C -p M2(R) defined by 

a 
4)(a + ib) = 	, a, b E R 

[— b a 

is a homomorphism of rings. Also find the 

kernel of 4). 	 3 

(b) Find the quotient field of the integral 

domain (a + I a, 13 E Z}. 	 3 

(c) What is the characteristic of a field F 

containing 25 elements ? Also give the prime 

subfield of F. 	 2 

(d) Give all the units of Z
15. 
	 2 

7. Which of the following statements are true and 

which are false ? Justify your answer. 	 10 

(i) There is a field containing 10 elements. 

(ii) The set of all odd integers is a group under 

addition. 
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(iii) If K, H, G are groups such that K is a normal 

subgroup of H and H is a normal subgroup of 

G, then K is a normal subgroup of G. 

(iv) The map f : R --> R defined by f(a) = 2a for 

all a E R is a ring homomorphism of rings. 

(v) Z
2 
 x Z

3 
 is a cyclic group. 
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1. () W4R 

.a 

M2(Q)  - 	b abcdEQ} -  
c d 

Q 1:R (111-11.-1 wag zr)TT 4k 77r4 	2 x 2 

. 

(i) 	 R, M2(Q) 

I 	R stAAPAeft ?altf4 ZW *t 

*1-r-4R 

aTrae 

R= 

3Trr9.  

E M2 (Q) 

#tf* 

a = d, c 	0 

ac i4 

a 	b 

c 	d 
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(ii) 	411-4R 

b a. 

1.{[ 1
E R  

}
a = d =0 . 

R   ? 3174 z-ffT 

R*t.r--A71 	 4 

2. 

(V) 

(T) 

() 

Q* 1:R 

41 	Q* KA-ff( 

*, PA' a, b 

4T 

TrIt4-44 titgeflail it tt-caei 

e Q* * 1CW, a * b =-PL-b  
3 

tqlTF j (Q*, *) 

4 Wig -4 I 

Z12  * 

tftR I 
3rmid 3 	3cfulTgl 

Q[x] Q 

2 

ti-A7 

t I 3 

(x2  + x +1) 

	 z [x] 
;Err eioq 	. 	IL-.r17-41 31-444 * ? 3Ttr4 

(x +1) 

3rR t 1-R tf-A7 
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(ii) tUrri7 	ch)k 15 	016 	alittzr kflo 

3-34k1o1 3T attzr kilo) 5-3   t 

	

Wk7 	 *ti:* 	ct>lk 15 W cb)i 

	t I 
	

5 

3. () Q[x] 	2x2  + 7x + 3 att x2 + 8x + 15 W. 

	

ITO 1TW Ta. 4r4R  I 	 2 

(ii) 	#r-A-R R* 	3 	A'&6( 	cich 

tii.904i311   t I Irift A e GL3(R) 	ri 
0(A) = det(A) 4RT 0 : GL3(R) —> R* 	"")* 

tritiTrrEfff *11-4R 

turqR 	kiiiicm di t 	 -14 RH 
*r.r7 	GL3  (R) R*.  

SL3  (R) 
3 

(T) Triq #1f-A7 

R = 	m,nEZ,n= 3b,a.bEZ,a,b>0}- 

q% WA7  trft-4-4 tit90-41311* 	 

ttum 	altftg R 	(1004 741 	1 44T ZM 

StOirciPe1 ? 	*ki4,1 4,14 ockiw,t, 3T-444 ? 

aTcr4 	trrAll 	 5 
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4. () -4RTT A = {(1, 1), (1, 2), (2, 1)) 	 

	440 ? 3TIT4 zuT 1 f*=i-NR I 	3 

NO TR #rr-A•R G, TrR *3 K-4-dK TrPtsA 

(4(9,44 AFT k1 t I -RR #tNR N f:R4-T RR 1 

TrPrat  	t 1-07R N, 

G 	NflI1-11.-41 TR:11:0 t 31 GIN U 

WM Tit tr47-1T-  cm-cract) 	to0 

R•1T- Fr+-Tket t I 
	

4 

(TT) 1 i i t1 G WT ki I 	ardZOi 	 

xfftftiff 	 t, 	G •R• 'k14 31f4 a W.  

ft.ak 1Z-R a e3 a2  = 

e, GT ockvich 314 t I 
	

3 

5. () Q   aTraZ   13fq 

0 	[ 0 	1] 0 	[ 0 	—1 

1 0 -1 0 1 0 -1 

4N.  ttr-A- 	Er.r 	-cclq aTrao 	 * 

341Th4 	 efrimi t I 	 5 
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ituTF f C(x) A 	luiAladl.  I l 3i 

!.tui,41.4 t, wit 311( dvio ziRI = ( o ) 71r 

I=( x— a ),*1.  a e C. 

6. () forrF 
a 

4)(a + ib) = [ 

	

	, a, b e R TKT trib-TTRid 
—b a 

: C M2(R) 	koligiRni t I 	t 

aTR iftTff *tr-4R 

Trftrzf 3fiU fa + ii3 I a, E Z) 	̀ITTTI 41.  

ttr-4R I 	 3 

(ii) 25 3T-44-41 4c 4'1 F 3TFITM51 

F iT aTITTwi 3144-1 1ft Gym I 	 2 

('a) Z15 * Tit 1-111ch 

7. 	 A 14 A4-14 9-rq ErFf 3444 -ciT4 
aTErFr ? 3PT4 Zff( 3•1 te4R I 	 10 

(i) 10 3T-4Q clioi 	4'1 	ai t I 

(ii) Trsit 14EPT 	 ki1,40-1 z41-1 	3Ttft4 

ki&ig t 
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zft K, H, G 	 1-A4 	 K, H 

51k11111-el ZER:r1Z 3 H, G 	TrEry 

t,cad K, G 	51(-1141frel 	t I 

(iv) R A Pt a   f( a) = 2a Vkl.  tritmlird 

"5Frekg 

 

f: R ---> R cici41 1 arm wiichifkai t I 

(v) Z2  x Z3 	ml 	WO t I 
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