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BACHELOR’S DEGREE PROGRAMME 
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BMTC-134 : ALGEBRA 

Time : 3 Hours     Maximum Marks : 100 

Note : (i) There are eight questions in this paper. 

 (ii) Question No. 8 is compulsory. 

 (iii) Do any six questions from Question Nos. 

1 to 7.  

 (iv) Use of calculator is not allowed.   

1. (a) Define an abelian group. Give an example 

of a non-abelian group. (You don’t need to 

prove that your example is a group. You 

have to only prove that it is non-abelian). 3 
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(b) Define a subgroup of a group. Check 

whether : 

0
H = , , ,

0

a b
a b c d

c d

  
    
  

 is a sub-group of the group of 2 × 3 

matrices over   under addition. 2 

(c) Define a semigroup. Give an example of an 

infinite semigroup. 2 

(d) State Lagrange’s theorem. What are the 

possible orders of subgroups of a group of 

order 12 ? 2 

(e) Let S = {1, 2, 3, 4} and * be the binary 

operation defined by a * b = a. Compute 

the Cayley table for (S, *). Is * 

commutative ? Is * associative ? Justify 

your answers. 6 
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2. (a) Let A be a 3 × 4 real matrix, B be a 4 × 2 

real matrix and C be a 2 × 3 real matrix. 

Which of the following operations are 

defined ? 

 (i) CA + Bt 

 (ii) AB + Ct 

 For those operations that are defined, what 

is the order of the resulting matrix? 3 

(b) Let  = (1 2 5),  = (1 4 3 2)  S5. Compute 

 = .–1. Write  as a product of 

transpositions. What is the signature of  

 ?   3 

(c) If F is a field, show that U(F[x]) = F*. 4 

(d) Let 20R = 
 
: 5 

 (i) Give, with justification, a nilpotent 

element in R. 

 (ii) Give, with justification, a zero divisor 

in R which is not nilpotent. 

 (iii) What is the order of U(R) ?  
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3. (a) Let R be a ring in which 2a a  for all 

Ra . Show that a a   and R is 

commutative. 5 

(b) Define an integral domain. Give an 

example of an integral domain which is not 

a field.  2 

(c) Calculate the following : 3 

 (i)    3 2 3 22 +3 +4 +1 + 3 +4 +2 +3x x x x x x
 

in 5[ ].x  

 (ii)    2 33 +2 +6 · 3 +4 +5x x x x in 7[ ]x .   

(d) Show that, if G is a finite group and 

G,o( )|o(G)a a . Further, show that 

o(G)a e  for all Ga . Deduce the Euler-

Fermat theorem ( ) 1(mod )na n   for all 

, , 2,( , ) 1a n n a n   . 5 

4. (a) Let R = , ,
0

a b
a b c

c

  
    
 . Check 

whether R is a subring of 2M ( ) . Is R an 

ideal of 2M ( ) ? Justify your answer. 4 
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(b) Find the gcd of the polynomials 4 3 2x x   

and 3 23 5 3x x x   . 5 

(c) If H and K are normal abelian subgroups 

of a group and if H K = { }e , show that 

HK is abelian. Will the result be still true 

if we remove the condition that H and K 

are normal ? Justify your answer. 6 

5. (a) Let R be the ring ( (X), , ),  

S ( ( ), , )Y    , where X is a non-empty 

set with a proper non-empty subset Y. Let 

 : R S   be defined by (A) = A Y   for 

all A X . Prove that  is a ring 

homomorphism. Is  surjective ? Justify 

your answer. 6 

(b) Let F be a field and let ( ) F[ ]f x x  be 

irreducible in F[ ]x . Show that the ideal 

( )f x  is a maximal ideal in F[ ]x . Use this 

to deduce that 5 3[ ] / 6 12x x x  is a 

field.  7 
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(c) Define a normal subgroup. Give an 

example of normal subgroup of 2GL ( ) . 2 

6. (a) Find the order of each of the elements in 

U(15). Is U(15) cyclic ? Justify your 

answer. 5 

(b) Show that : 7 

                         G/Z (G) Inn G .  

(c) Check whether or not 3 is a maximal 

ideal in 9 . 3 

7. (a) Let 1S { * | | 1}z z    and

U { * 1}n
n z z    for n . Check 

that 1U Sn  . Further, show that 1U Sn . 3 

(b) Let R be ring (not necessarily 

commutative) and let I and J be ideal  

of R. Show that I J  and 

I J { | I, J}a b a b      are ideals of R. 5 

(c) Show that , 5x  is not a principal ideal in 

[ ]x .  7 
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8. Which of the statements are true and which are 

false ? Justify your answer with a short proof or 

a counter-example : 10 

(a) Every subgroup of S3 is normal. 

(b) Every abelian group is cyclic. 

(c) In a ring with identity, the sum of any two 

units is a unit. 

(d) If a field has characteristic p, p a prime, 

the field is finite. 

(e) If every element in group has finite order, 

the group is finite. 
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0
H = , , ,

0

a b
a b c d

c d

  
    


 

 2 × 3

S = {1, 2, 3, 4} *

a * b = a (S, *)

* 

* 
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A 3 × 4 ]

B 4 × 2 C 

2 × 3 

 (i) CA + Bt 

 (ii) AB + Ct 

  

3 

 = (1 2 5),  = (1 4 3 2)   S5.  

 = – 1 



3 

 F ]

U(F[x]) = F*. 4
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 20R = 

  (i) R 

  (ii) R 

(iii) U(R) 

R 

Ra a2 = a a = – a 

R 

(i) 5[ ]x  

   3 2 3 22 +3 +4 +1 + 3 +4 +2 +3x x x x x x  

(ii) 7[ ]x    2 33 +2 +6 · 3 +4 +5x x x x  
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G 

G,o( )|o(G)a a Ga

o(G)a e

, , 2,( , ) 1a n n a n  

( ) 1(mod )na n 

R = , ,
0

a b
a b c

c

  
    
 . 

R 2M ( )  R

2M ( )

4 3 2x x  3 23 5 3x x x  

gcd 

H K 

H K = { }e

HK H K 



 [ 13 ] BMTC-134 

  P. T. O. 

( (X), , ),  

S ( ( ), , )Y    ] X 

Y, X 

 : R S  A ⊂ X 

(A) = A Y  

 

F ( ) F[ ]f x x

F(x) ( )f x

5 3[ ] / 6 12x x x 

2GL ( )

U(15) 

U(15) 
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G/Z (G) Inn G

3 9

1S { * | | 1}z z  

U { * 1}n
n z z   n

1U Sn  1U Sn

R 

I J, R

I J

I J { | I, J}a b a b     R 

, 5x [ ]x
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