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BMTC-134 : ALGEBRA

Time : 3 Hours Maximum Marks : 100

Note : (i) There are eight questions in this paper.

(i) Question No. 8 is compulsory.

(iti) Do any six questions from Question Nos.

1to7.

(iv) Use of calculator is not allowed.

1. (a) Define an abelian group. Give an example
of a non-abelian group. (You don’t need to
prove that your example is a group. You

have to only prove that it is non-abelian). 3

P.T.O.
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Define a subgroup of a group. Check

whether :

110 a b
H—{[O . d}a,b,c,de@}

1s a sub-group of the group of 2 x 3

matrices over C under addition. 2

Define a semigroup. Give an example of an

infinite semigroup. 2

State Lagrange’s theorem. What are the
possible orders of subgroups of a group of

order 12 ? 2

Let S = {1, 2, 3, 4} and * be the binary
operation defined by a * b = a. Compute
the Cayley table for (S, *). Is *

*

commutative ? Is * associative ? Justify

your answers. 6



2.

(a)

(b)

(©
(d)
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Let A be a 3 X 4 real matrix, Bbe a 4 x 2
real matrix and C be a 2 X 3 real matrix.

Which of the following operations are

defined ?
1) CA+ B¢
(1) AB+Ct

For those operations that are defined, what

1s the order of the resulting matrix? 3

Leta=(125),=(1432) € S5. Compute
c = a.fpl Write o as a product of
transpositions. What is the signature of

c? 3

If F is a field, show that U(F[x]) = F*. 4

Let R=Z,, : 5

(1) Give, with justification, a nilpotent
element in R.

(1) Give, with justification, a zero divisor

in R which is not nilpotent.

(111) What is the order of U(R) ?

P.T.O.
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(b)
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(d)

(a)
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2

Let R be a ring in which a“ =a for all

aecR. Show that a=-a and R 1is
commutative. 5

Define an integral domain. Give an
example of an integral domain which is not

a field. 2

Calculate the following : 3
() <§x3+§x2+1x+i)+(§x3+1x2+ix+§)
in Zg[x].
(ii) (éx2+§x+é)-(éx3+1x+5) in Z[x].
Show that, if G is a finite group and
a €G,o(a)lo(G). Further, show that
a®@ =¢ for all aeG. Deduce the Euler-
Fermat theorem a®™ =1(modn) for all

a,neN,n>2(a,n)=1. 5

R

whether R is a subring of M,(R). Is R an

a,b,ce R}. Check

ideal of M, (R)? Justify your answer. 4



(b)

(©

(a)

(b)
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Find the ged of the polynomials x* + 3x + 2

and x3 +3x2 +5x+3. 5

If H and K are normal abelian subgroups

of a group and if HNK = {e}, show that

HK is abelian. Will the result be still true
if we remove the condition that H and K

are normal ? Justify your answer. 6

Let R be the ring(pX), A, ),
S=(p(), A, "), where X is a non-empty

set with a proper non-empty subset Y. Let

¢ : R — S be defined by ¢(A)=AnY for

all AcX. Prove that ¢ is a ring
homomorphism. Is ¢ surjective ? Justify

your answer. 6

Let F be a field and let f(x)eF[x] be

irreducible in F[x]. Show that the ideal

<f(x)> 1s a maximal ideal in F[x]. Use this
to deduce that @[x]/<x5 +6x3 +12> 1s a

field. 7

P.T.O.
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(a)
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Define a mnormal subgroup. Give an

example of normal subgroup of GL,(R). 2

Find the order of each of the elements in
U@a5). Is U@A5) cyclic ? Justify your

answer. 5
Show that : 7

G/Z (G)=Inn G.

Check whether or not <§> 1s a maximal

ideal in Z9 . 3

Let Sl={zeC* ||z|:1} and
U, ={zeC* |z"=1} for neN. Check
that U, ¢ S!. Further, show that U, < St.3

Let R be ring (not necessarily
commutative) and let I and J be 1ideal
of R. Show that Ind and
I+d={a+blacl, bed} areidealsof R. 5

Show that <x, 5> 1s not a principal ideal in

Z[x] . 7
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8. Which of the statements are true and which are
false ? Justify your answer with a short proof or

a counter-example : 10
(a) Every subgroup of S3 is normal.
(b) Every abelian group is cyclic.

(¢) In a ring with identity, the sum of any two

units 1s a unit.

(d) If a field has characteristic p, p a prime,
the field is finite.

(e) If every element in group has finite order,

the group is finite.

P.T.O.
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Sl TATAeh SUTTY ShTSshH
qATa geT
S, 2023

.U .-184 : SSETOTA

gag : 3 Hyu2 3k dq 37 : 100

HT : () 39 999 9 F 33 GareT Bl
(i) TareT 9& 8 YAl Afard gl

(i) 97 9& 1 9 7 9 G & ff 6 garA
Hifera]
(iv) BRI TIT FH BT 3E TET B

. ()T ac 998 i JRAMHd Hifwl TH
IS TS 1 IR AW (SR
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(@)T& g &1 IUHge IRwfed wifsw St
it T

_ 110 a b
H—{[O . d}a,b,c,de@}

I % WU C W 2 x 3 3R h TR

%1 STHIE 2l 2

(1) T FH-THE ! IRAMIG HIFST T A=

S-THg *1 IR ISl 2

(%) SISl YO SdEU| Uk hife 12 del 99E

*I IUHHE! H1 HifedT F 7 hdt € 2 2

(T)HA ifST S = {1, 2, 3, 4 3R * fg-smemd
iR o * b = q N URHAING 81 (S, *) &I
shefl GROT SRU F o+ FHAEfAFET ® 2 F:a
*qEEd € 7 30 SW B ghe w6
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2. (F)UH AT A Th 3 x 4 Sdlds R €,

B T 4 x 2 arfds dﬂoeiséaﬁ'{cqﬁi?

2 x 3 Afask Mg ¢l Frefafed & @

HH-G Gimad wiem € 2

() CA+ Bt

(i) AB+ Cf

St gfead oy € ST wa eege a6

Hife T B ? 3

(@)HF ST aa=(125),B=(1432) € Ss.

c = a.p~ ! UREfAd I o h! TR0 &
TH%A & ¥4 fafaul ¢ & fa=s *n
T 7 3
(Mark F wk & ¥, @ fary &

U(F[x]) = F*. 4
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(%) AF SIS R=27,,: 5
() 9fic & WA RH TH I 9@ Fadd
ifs| 5

i) 3T & WM RH TH YA FH WTH
USSR

(i) UR) #T *ife 91 & ?
3. (®)UH ofifSt R T do@ B fod v
acR & faU a2 = al fRE@EC fF a=-a
3R R wafafma 2 5
(@)W YUliehla W1 &I GRWIG &INT T
Uikt W T SRR ST Soes |

&l 2
() Fafafed &t aRerfaa wifsa 3
@) Zlx] @

(§x3+§x2+1x+i)+(§x3+ix2+ix+§)
(i) Z[x] ® (§x2+éx+é)-(éx3+1x+5)

P.T.O.
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() femy f6, a9 ¢ 9Rfi@ @ge € 3R

a €G,o(a)|lo(G) | A @Rt 9&8® aecG

& AT 0@ —¢| AIR-FH YHI, TIH
a,neN,n>2(a,n)=1 % fem
a®™ =1(modn) i IJMET 5

4. (F)UE <Y Rz{[a ﬂ

0

a,b,ceR}. S|

ST fF R M,(R) &1 3Uaed @1 1 R
M,(R) i ToNTEell & ? 39 SW &1
gfte shifsu| 4

(@)TEIZ % +3x+ 23 %3 +3x2 +5x + 3T

ged FeRTieTU) 5

(M aff H eIk K & ¢ & THE4 el
STEHE © 3R HAK={e}, a fR@my f&
HK 3eetl 21 78 e ufdersr, H 3R K
JHMEF BMT A6, 1 e W W 9

BT ? 319 IR i gfe hifeu) 6
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5. (&)HHA AT ENE (9 X), A, M),

S=(p(), A, M), &l X fale age=a

AR Y, X &1 ofaled Sueq==a 21 AF
AT ¢:R »S TH A c X & fau
oA =AY EU TR 21 fEr fF ¢
Th o U B a1 ¢ SeSkeh © ?
3T IW & e HifSg 6
(@)AA ST F TF &1 T 3R f(x) e Flx]
F(x) § s@eda 8 feene & (f(v)
Ifeass  USTEE €1 THAT WA wE
feamsn i Qlx]/ (x° + 62 +12) TH &7 €17
() Th  JEHF  IUEHE  ORAMNG kit
GL,(R) % TH JEH ITEHE 1 S
SIELS 2

6. (F)U(15) U Y% 31aad i ahife Hahifera) =
U@15) W@ & ? W I &l gfe
HifsTa| 5
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(@) fcaEre fo . 7

G/Z (G) =Tnn G |

(1) Sir= wifs fom <§> Z, I Ifeass IS
g o 7 3

7. (FAAM  F Sl={zeC* |lzl=1} W
U, ={zeC* |z"=1} neN, Wifd &S

f U, cS' o feamse f6 U, <S'1 3

o~

(@)UM T R TF acd ¢l wufarmg g
S I8 @1 "E eifst 1 3R J, R &
eEeE @1 fREmy R Ing @R

I+J={a+blacL bed} R &I TuSTafcral
2l 5

() fe@rEy o (x, 5) Z[x] H qEA qOSTER TEl
2l 7
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8. frefafad weoi § ¥ $H-9 &2 9 3R
FH-H FHF A T ? AW IW I I TH

o IUUrd A1 Gid-3<8L0 g hifSQ : 10

(F)S3 1 Y% STTHE THHH €|
(@) YAF Al T FTHE B

(1) TH TEHR! IaF H I HFE kT AN HHS
LI

(%) afE Tk & h ATAIR p B, p SAHSH
2, @ &9 uiifga g 2

(T)TH 99e H Y% 39Fd 1 *ife IRfa €
a T 9Rfa 2
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