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 MTE-06  

BACHELOR’S DEGREE PROGRAMME 

(BDP) 

Term-End Examination 

June, 2022 

 

MTE-06 : ABSTRACT ALGEBRA 

Time : 2 hours Maximum Marks : 50 

Note :  Question no. 7 is compulsory. Answer any  

four questions from questions no. 1 to 6. Use of 

calculators is not allowed.  

1. (a) Form an operation table of  

 G = { ,5
_

 ,15  ,25  35 } under multiplication 

(mod 40). Check whether or not G is a group. 4 

(b) The map  : ℝ[x]  M3[ℝ] is defined by 

(a0 + a1x + ... + anxn) =  
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 Show that  is a ring homomorphism. 

Determine  ker   also. 4 

(c) Check whether ℤ  ℤ is a PID or not. 2 
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2. (a) Show that < x > is not a maximal ideal in 

ℤ[x]. 2 

(b) List all the subgroups of ℤ18, along with 

their generators. 3 

(c) Let H = < (1 2) > and K = < (1 2 3) > be 

subgroups of S3. Show that S3 = HK. Is S3 

an internal direct product of H and K ? 

Justify your answer. 3 

(d) Check whether or not 

 {(2, 5), (1, 3), (5, 2), (3, 1)} is an equivalence 

relation on {1, 2, 3, 5}. 2 

3. (a) Show that any group of order 35 is cyclic. 5 

(b) Use the Eisenstein’s criterion for 

irreducibility of a polynomial over ℤ[x] to test 

whether 8x3 + 6x2 – 9x + 24 is irreducible 

over ℤ[x] or not. Also, obtain the quotient 

field of  ℚ[x]/< 8x3 + 6x2 – 9x + 24 >. 3 

(c) Let R be a ring and let a  R be such that 

a2 = 1. Let S = {ara | r  R}. Show that S is a 

subring of R. 2 

4. (a) Show that ℤ[ 13– ] is not a UFD by giving, 

with justification, two different factorisations 

of 40 into irreducible elements. 5 
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(b) Check whether S is a subring of R in each of 

the following cases : 5 

(i) S = {
b

a
  ℚ | b is not divisible by 3},  

R = ℚ. 

(ii) S is the set of functions which are 

linear of the functions  

 {Id, cos nt, sin nt | n  ℤ} and  

 R = {f|f : ℝ  ℝ}. 

5. (a) Show that f : (ℝ+, )  (ℝ, +), defined by  

f(a) = log10 a, is an isomorphism of groups, 

where ℝ+ is the set of positive real numbers. 4 

(b) Give an example of a ring R such that a2 = a  

for all a  R. Show that any such ring is 

commutative. 3 

(c) Let (C*, .) denote the group of non-zero 

complex numbers and let  

 S = {z  C* | |z| = 1}. Show that C*/S  ℝ+, 

where (ℝ+, ) is the group of positive real 

numbers. 3 

6. (a) Show that a permutation is even if and  

only if its signature is 1. Find the signature  

of (2   3   4)  S4 using the definition of 

signature. 4 

(b) Show that in a finite commutative ring, 

every non-zero element is either a zero 

divisor or a unit. Also, find the number of 

zero divisors of ℤ20. 6  
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7. Which of the following statements are True and 

which are False ? Justify your answer with a 

short proof or a counter-example.  52=10 

(a) The characteristic of the ring ℤm  ℤn under 

componentwise addition and multiplication 

is the g.c.d. of m and n. 

(b) The 
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aa
has no identity 

with respect to the binary operation of 

multiplication of 2  2 matrices. 

(c) Any subring of a ring is an ideal. 

(d) If a and b are elements of a group G with  

O(a) = 2,  O(b) = 3,  then  O(ab) = 6. 

(e) There is no onto homomorphism from   

ℤ15 to ℤ.  

ℚ 
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 E_.Q>r.B©.-06  

ñZmVH$ Cnm{Y H$m`©H«$_ 
(~r.S>r.nr.)  

gÌm§V narjm 

OyZ, 2022 

 

E_.Q>r.B©.-06 : A_yV© ~rOJ{UV 

g_` : 2 KÊQ>o  A{YH$V_ A§H$ : 50 

ZmoQ> :  àíZ g§. 7 A{Zdm`© h¡ & àíZ g§. 1 go 6 _| go {H$Ýht  
Mma àíZm| Ho$ CÎma Xr{OE & H¡$ëHw$boQ>am| Ho$ à`moJ H$aZo H$s 
AZw_{V Zht h¡ &  

1. (H$) G = { ,5
_

 ,15  ,25  35 } H$s JwUZ (mod 40) (`m{Z 

_moS>çwbmo (40)) Ho$ A§VJ©V EH$ g§{H«$`m gmaUr  

~ZmBE & Om±M H$s{OE {H$ G EH$ g_yh h¡ `m Zht & 4 

(I) Xem©BE {H$  

(a0 + a1x + ... + anxn) =  
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 Ûmam n[a^m{fV \$bZ  : ℝ[x]  M3[ℝ] EH$ db` 

g_mH$m[aVm h¡ &  ker   ^r kmV H$s{OE & 4 

(J) Om±M H$s{OE {H$ Š`m ℤ  ℤ EH$ PID h¡ `m Zht & 2 



MTE-06 6 

2. (H$) Xem©BE {H$ < x >, ℤ[x] _| EH$ C{ƒð> JwUOmdbr 
Zht h¡ & 2 

(I) ℤ18 Ho$ g^r Cng_yhm| H$s, BZHo$ OZH$m| Ho$ gmW, EH$ 

gyMr ~ZmBE & 3 

(J) _mZ br{OE {H$ H = < (1 2) > Am¡a  

K = < (1  2  3) >  S3 Ho$ Cng_yh h¢ & Xem©BE {H$  

S3 = HK. Š`m S3, H Am¡a K H$m Am§V[aH$ AZwbmo_ 

JwUZ\$b h¡ ? AnZo CÎma H$s nwpîQ> H$s{OE & 3 

(K) Om±M H$s{OE {H$ {1,  2,  3,  5} na  
{(2, 5), (1, 3), (5, 2), (3, 1)} EH$ Vwë`Vm g§~§Y h¡ 
`m Zht & 2 

3. (H$) Xem©BE {H$ H$mo{Q> 35 dmbm H$moB© ^r g_yh M{H«$` 
hmoVm h¡ & 5 

(I) ℤ[x] na {H$gr ~hþnX H$s AIÊS>Zr`Vm Ho$ {bE 
AmBgZñQ>mBZ Ho$ {ZH$f H$m à`moJ H$aVo hþE, Om±M 
H$s{OE {H$ Š`m ℤ[x] na 8x3 + 6x2 – 9x + 24  

AI§S>Zr` h¡ Zht &  ℚ[x]/< 8x3 + 6x2 – 9x + 24 > 

H$m ^mJ\$b joÌ ^r kmV H$s{OE & 3 

(J) _mZ br{OE {H$ R EH$ db` h¡ VWm a  R Bg àH$ma 
h¡ {H$ a2 = 1. _mZ br{OE {H$ S = {ara | r  R}. 
Xem©BE {H$ S, R H$s EH$ Cndb` h¡ & 2 

4. (H$) nwpîQ> Ho$ gmW, 40 Ho$ AI§S>Zr` Ad`dm| dmbo Xmo 

AbJ-AbJ JwUZI§S>Z XoVo hþE, Xem©BE {H$ 
ℤ[ 13– ] EH$ UFD Zht h¡ & 5 
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(I) Om±M H$s{OE {H$ Š`m {ZåZ _| go àË`oH$ pñW{V _| S, 

R H$m EH$ Cndb` h¡ `m Zht : 5 

(i) S = {
b

a
  ℚ | b  3  go {d^m{OV Zht h¡ },  

R = ℚ. 

(ii) S Eogo \$bZm| H$m g_wƒ` h¡ Omo \$bZm|  
{Id, cos nt, sin nt | n  ℤ} Ho$ a¡{IH$ 
g§`moOZ h¢ VWm R = {f|f : ℝ  ℝ}.  

5. (H$) Xem©BE {H$ f(a) = log10 a Ûmam n[a^m{fV  
f : (ℝ+, )  (ℝ, +) g_yhm| H$s EH$ Vwë`mH$m[aVm h¡, 
Ohm± ℝ+ YZmË_H$ dmñV{dH$ g§»`mAm| H$m g_wƒ` h¡ & 4 

(I) Eogo db` R H$m EH$ CXmhaU Xr{OE {H$ {OgHo$ {bE 
g^r a  R Ho$ {bE a2 = a hmo & Xem©BE {H$ Eogm 
H$moB© ^r db` H«$_{d{Z_o` hmoJm & 3 

(J) _mZ br{OE {H$ (C*, .) eyÝ`oVa gpå_l g§»`mAm|  
H$m g_yh ì`º$ H$aVm h¡ VWm _mZ br{OE {H$  
S = {z  C* | |z| = 1}. Xem©BE {H$ C*/S  ℝ+ 

 h¡, Ohm± (ℝ+, ) YZmË_H$ dmñV{dH$ g§»`mAm| H$m 
g_yh h¡ & 3 

6. (H$) Xem©BE {H$ EH$ H«$_M` V^r Am¡a Ho$db V^r g_ 
hmoVm h¡ O~ CgH$m {M•H$ 1 hmo & {M•ZH$ H$s 
n[a^mfm H$m à`moJ H$aVo hþE, (2  3  4)  S4 H$m 
{M•ZH$ kmV H$s{OE & 4 

(I) Xem©BE {H$ EH$ n[a{_V H«$_{d{Z_o` db` _|, àË`oH$ 
eyÝ`oVa Ad`d `m Vmo EH$ eyÝ` ^mOH$ hmoVm h¡ `m EH$ 
BH$mB© hmoVm h¡ & ℤ20 Ho$ eyÝ` ^mOH$m| H$s g§»`m ^r 
kmV H$s{OE & 6 
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7. {ZåZ{b{IV _| go H$m¡Z-go H$WZ gË`  h¢ Am¡a H$m¡Z-go 
AgË` ? AnZo CÎma H$s nwpîQ> EH$ bKw Cnn{Îm `m àË`wXmhaU 
Ûmam Xr{OE &  52=10 

(H$) g§JV KQ>H$m§o Ho$ `moJ Am¡a JwUZ Ho$ A§VJ©V db`  
ℤm  ℤn H$m A{^bj{UH$ m Am¡a n H$m g.c.d. 
(_hÎm_ gmd© ^mOH$) h¡ & 

(I) g_wƒ` 
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 H$m 2  2 Amì`yhm| Ho$ JwUZ H$s {ÛAmYmar g§{H«$`m Ho$ 

gmnoj H$moB© VËg_H$ Ad`d Zht h¡ & 

(J) {H$gr ^r db` H$m Cndb` EH$ JwUOmdbr hmoVr h¡ & 

(K) `{X a Am¡a b n[a{_V g_yh G Ho$ Ad`d h¢,  
 O(a) = 2,  O(b) = 3,  Vmo  O(ab) = 6 h¡ & 

(L>) ℤ15 go ℤ VH$ H$moB© AmÀN>mXH$ g_mH$m[aVm Zht h¡ & 

ℚ 


