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Note: Answer any five questions. All questions carry
equal marks. Use of calculators is not allowed.
Symbols have their usual meanings.

1. (a) Deduce the one-dimensional diffusion equation
corresponding to the situation when the wind
velocity is zero and the diffusion is only in the
x-direction. Verify that the air concentration,

o x*
4Dt

[47 Dt]L/2

m exp

Cx, t)=

satisfies the one-dimensional diffusion equation,
where D is the diffusion coefficient and m is the
total amount of the diffusing solute. Also,

find j C(x,t)dt, and interpret the result.

— 0

[You may use the result J- e 2 dy=+2r] 6
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(b)

2. (a)

(b)

MTE-14

Classify  the  following models as
deterministic or probabilistic, giving reasons
for your answers :

(i) Spreading of a disease in successive
generations;

(i1) Describing the dynamics of a human
knee joint;

(iii) Designing a ship or an aeroplane with
minimum drag;

(iv) Predicting the success of a film at the
box office.

Suppose the populations x and y satisfy the
following equations :
dx

— =60x — 4x2 — 3xy,
dt

dy
= =49y — 2y2 _ 3xy.
m y — 2y? — 3xy

Find all the critical points of the system.
Which of these critical points represent the
possibility of co-existence of two species, and
why ? Determine the type and stability of

these critical points.

When an aeroplane ascends from take-off to
an altitude of 10 km, by how much does the
gravitational attraction acting on it
decrease ? Give reasons for your answer.
[You may take the radius of the Earth to be
6400 km.]



3. (a) The air pollution in many urban areas in our
country is causing serious health problems
like asthma, bronchitis, etc. If a statistical
model is to be made correlating the level of
pollution and the incidence of the disease,
write any four essentials and two

non-essentials concerned. 3

(b) A particle moves on a plane with constant
linear velocity wa, and its angular velocity

about the pole is E, where o is the angular
a
velocity when the particle moves in a circle

of radius a. Show that its linear acceleration
is 3w?r. 7

4. (a) The annual sales of a company from 2010 to
2014 are as follows :

Year Sales (T in Lakhs)
2010 900
2011 1120
2012 1560
2013 920
2014 1500

(i) Using the method of least squares, find
the trend values equation using 2009
as the origin.

(i1) Estimate the annual sales for the year
2015. 6

MTE-14 3 P.T.O.



(b)

5. (a)

(b)
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The dynamics of a tumour growth is given by

the equation

V(t) =V exp P (1-exp (- at))} ,
(04

where A and a are positive constants, V is
the volume of the dividing cells at the initial
time tj,, and V(t) is the volume of the

dividing cells at time t.

(i) Show that the tumour grows more and
more slowly with the passage of time,
and it wultimately approaches the

limiting value V, et@,

(i) Derive the equation ((1:1—17 =re ®V

A particle of mass m, is falling under the
influence of gravity through a medium
whose resistance equals p times the velocity.
If the particle is released from rest, show
that the distance fallen through time t is
2
gm—2 [e_“t/m —1+“—t]
m m

Write the dimensions of the following :
(i) o, the angular velocity;

(i) mo?r, the angular force, where m is the
mass and r is the radial distance;

(iii) Young’s modulus.

4



6. (a) The modified logistic population model for a
fish population including the effect of
harvesting is given as follows :

DO _ 1N
dt K

where N(t) is the population of fishes at any
time t; r, k and E are positive constants.
Determine N(t). Also, show that for E < r,

N@t) - K [1—E},ast—>oo, and for E > r,
r

Nit) > 0ast — oo, 5

(b) The demand function for a particular
commodity is y = 15 e %3, 0 < x < 8, where y
is the price per unit and x is the number of
units demanded. Determine the price and
the quantity for which the revenue is

maximum. 5

7. (a) Suppose a viscous oil, whose flow is in the
laminar regime, is to be pumped through a
10 cm diameter horizontal pipe over a
distance of 15 km at a rate of 10~ m3/s.
Viscosity of the oil is 0-03 poise. What is the
required pressure drop to maintain such a
flow ? 4
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(b)
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Arrivals at a telephone booth are considered
to be Poisson with an average time of
10 minutes between one arrival and the next.
The length of a phone call is assumed to be
distributed  exponentially with mean

3 minutes.

(i) What is the probability that a person

arriving at the booth will have to wait ?

(i) What is the average length of the

queue that forms from time to time ?

(i1i) The telephone department will install a
second booth when convinced that an
arrival would expect to have to wait at
least three minutes for the phone. By
how much should the flow of arrivals
be increased in order to justify a second
booth ?
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