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ELECTIVE COURSE : MATHEMATICS 
MTE-06 : ABSTRACT ALGEBRA 
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Note : Question no. 5 is compulsory. Attempt any 

four questions from questions no. 1 — 4, 6 and 

7. Use of calculators is not allowed. 

1. (a) Using mathematical induction, prove that 

10n+1  + 1011  + 1 is divisible by 3, V n 1. 

' (b) Check whether any group of order 44 has a 

proper normal subgroup or not. 

(c) Find all the roots in R of x 2  — (1, 1) E R[x], 

where R = Z x Z. Also, find how many roots 

of x2  — (2, 1) E R[x] are there in R. 4 

CrE 
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2. (a) If G is a group of order 36 and H and K are 
its subgroups of orders 18 and 9, then show 
that HK is a subgroup of G. Also show 
that o(H fl K) ?. 3. 	 4 

(b) Consider R = M2(R), the ring of 2 x 2 

matrices with real number entries. Find two 

non-zero elements x, y E R such that xy = 0 

3. 
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=1 . Define a relation 

`-' on S by 11  - r iff S (ps - qr). Show that 
q 	s 

`-' is an equivalence relation. Also find the 

equivalence class of 0. 4 
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4. (a) Let D be a Euclidean domain, with 

Euclidean valuation d. Prove that for every 

integer n such that d(1) + n 0, the 
function fn  : DN{0} Z : fn(a) = d(a) + n is 

a Euclidean valuation on D. 3 

(b) Use the Fundamental Theorem of 

Homomorphism to prove that C*/S R+ , 

where (C*, .) is the group of non-zero 

complex numbers, S = {z E C*  I z I = 11, 

(R+, •) is the group of positive real numbers. 

(c) List all the distinct proper ideals of Z/12Z. 

5. Which of the following statements are true and 
which are false ? Justify your answers either 
with a short proof or with a counter-example. 10 

(a) If G is a group of order 12, then G has no 
element of order 5. 

(b) Every non-trivial subgroup of an infinite 
group is infinite. 

.(c) The quotient field of Z [id] 	has 
characteristic 3. 

(d) The sum of units of an integral domain D, is 
a unit in D. 

(e) Every finite ring is a field. 
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6. (a) Let S be a set with at least 3 elements and B 

be the set of bijective mappings of S onto 

itself. Prove that (B, o) is a group. Also check 

if (B, o) is abelian or not. 

(b) Let S = {(x, y) I x, y E RI. Show that S is a 

ring with identity with the operations 

defined by 

(x, y) + (u, = (x + y, u+ v), 

(x, y) . (u, v) = (xu — yv, xv + yu). 

7. (a) Consider the ring R = Z2 [x]/< x8  — 1 >. 

(i) Is R a finite ring ? 

(ii) Does R have zero divisors ? 

(iii) Does R have nilpotent elements ? 

Justify your answers. 

(b) Let 

 

a b 

[0 d 
}

a, b, d e R, ad # 0 . G = 

  

Show that 

{ 1 b 
H= 	b E R} 

0 1  

is a normal subgroup of G. Also give two 
distinct elements of G/11. 
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