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BACHELOR'S DEGREE PROGRAMME 
N- 

Term-End Examination 

June, 2012 

ELECTIVE COURSE : MATHEMATICS 
MTE-14 : MATHEMATICAL MODELLING 

Time : 2 hours 	 Maximum Marks : 50 

Note : Attempt any five questions. All questions carry equal 

marks. Use of calculator is not allowed. 

1. 	(a) Using dimensional analysis, find the 	6 
expression for the following non -

dimensional numbers. 

(i) Reynolds number (depends on 

p,U,L, g.) 

(ii) Peclet number (depends on U,L,D) 

(iii) Schmidt number (depends on p„ p, D) 

Where p is density, U is velocity, 1.1. is viscosity, D 

is diffusion coefficient and L is length. 

(b) Sulphur dioxide is emitted at a rate of 
	

4 
260 gm/sec. From a stack with an effective 

height of 80 m. The wind velocity at a stack 

is 6 m/sec and the atmospheric stability 

class is D for the overcast day. Determine 

the ground level concentration along the 

centre line at a distance 900 m. from a stack, 

in micro grams per cubic metre. 
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Hint : (o- =69 m and QZ  = 29.5 m are the standard 
deviations in the vertical direction and cross wind 
direction respectively). 

2. (a) Solve the appropriate pendulum model 	8 
LO" + g0 = 0, 0(0) = Oi  0' (0) = 0 
with L = 0.9930 m, g = 9.8 m/s2, Oi  = 0.15 
rad. 
Using the substitution w(t) = 01 (0, resolve the 
given equation into a system of two 
equations in 0(t) and w(t). Discuss the 
stability of the system and sketch its 
trajectories. 

(b) Explain the difference between Continuous 
and discrete models. Support your answer 
by suitable example of each type. 

3. (a) The mathematical model representing the 	7 
temperature distribution in a homogeneous 
rod with insulated ends anotno internal heat 
generation is given as follows : 

aT a2T 
at =K

ax-  
0 < x < L, t > 0. 

aT 
(o,o=o, t>o,— 

ax 
aT 

ax 	
(40=0, t>0 

T(x, 0)=x, 0 < x < L. 
where T stands for temperature, K is the 
coefficient of heat conduction, x =0 and 
x = L are the two ends of the rod, and t is 
the time. 
Use the method of separation of variables 
to find T as a function of x and t. 

2 
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(b) An emigration model with a decaying 	3 
emigration term E = ae t is given by the 
following differential equation 

—
dp 

=KP -ae-t, a > 0 
dt 

where P(t) is the population at time t and K 
is the growth rate. Find P(t). What is the 

behaviour of the population as t 	? 

4. 	(a) Write (i) the diffusion equation with 	3 
diffusion coefficient K and (ii) the wave 
equation with wave velocity C. Find the 
dimension of K and C using these equations. 

(b) Consider the following system of differential 
equations representing a prey and predator 
population model ; 

dx 2 —=x -y 

dy 
dt 

(i) Identify all the critical points of the 
system of equations given above. 

(ii) Obtain the type and stability of these 
critical points. 

dt 
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5. (a) Suppose the quarterly sale for a particular 	5 

make of car in Delhi were 2682, 2462 and 

3012, respectively. From past data prior to 

these three data point, a straight line was 

the fit. The value on the line corresponding  

to the last observed time is 2988, and the 

slope is 80. Use exponential smoothing  

based upon the three observations given 

above to forecast sales for the quarterly 

period following  these observations using  

a =13 = 0.2. 

(b) The model for the number of infectives y of 	5 
a population affected by the spread of a non 

-fatal _ disease results in a differential 

equation 

—
dy  

dt = 
y(NI3 y — 13Y). y(0) = Yo 

where N the total population, yo  the initial 

infected population, y the recovery rate and 

13 the contact rate are all constants. Solve 

for y and show that the epidemic converges 

exponentially to the stable state. 

6. (a) The mean arrival rate to a service centre is 	5 
3 per hour. The mean service time is found 

to be 10 minutes for service. Assuming  

Poisson arrival and exponential service time, 

find 
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(i) the utilisation factor for this service 

facility. 

(ii) the probability of two units in the 

system. 

(iii) the expected number of units in the 

system. 

(iv) the expected time in hours that a 

customer has to spend in the system. 

(b) Consider arterial blood viscosity 
5 

0.025 poise. If the length of the artery is 

1.5 cm, radius 8 x 10 -3  cm and 

P = — P2  = 4 x 103  dynes/ cm2  then find 

the 

(i) maximum peak velocity of blood, and 

(ii) the shear stress at the wall. 

7. 	(a) The short-run cost function for an 
	5 

entrepreneur is ce — 7q 2  + 16q + 90. 

Determine the price at which the 

entrepreneur ceases production in an ideal 

market. Derive the supply function also. 

	

(b) A particle of mass m is thrown vertically 	5 

upward with velocity Vo. The air resistance 

is mgCV2  where C is a constant and V is 

the velocity at any time t. Show that the 

time taken by the particle to reach the 

highest point is given by : 

= Vo 	= tan (gt Nie). 
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1. 	(a) 	fdlilzi 	mei 41 .1.) 	atalftzi 	6 

(4(se-liati t 04A/I 	rrA7 I 

(i) 	1-1.1Q-5 4t9t11 ( 	p, U, L, ti 'TT fffifT cnkcil 

t ) 

4-4TkZ kitseit ( 	U, L, D 1  fffifT 	 

t ) 

(iii) P4-1 z 4t3q 	 (Q. 1,, p, D 1:17 fT4T chtcl 	 t I ) 

	 p 	t, U *IT t, p, qt41-101 t, D fq1701 

(b) 80 m 	1  3f 4 	alcl 	44, 14 
	

4 

260 gm/sec 
3cHrslict t 

	

	t I 44) 97 74ff 471 6 m/sec t 
oR 1.R fq-i a v-isol4 rr-gm 

MTE-14 	 7 	 P.T.O. 



D t I 4-11911;1114 	ITh-{ 14 	A 900 m 
T1. 

 

	

51 'TT 4).- - (51 	 dri Tit"( -11cr 

: (0-y =69 m 3T T crz  = 29.5 m 	t.,•qft17 
-Nwr 3Th 3-TITRT 1-1c1-1 f rr 4-11-1011 fay t 

2. (a) 	ri+-•-lrorigcf -11;icne. 	f9-0 6ci ---1-fq7I 	8 
LO" + g0 = 0, 0(0)=0i, 0' (0)=0 
,3-11.  L=0.9930 m, g=9.8 m/sec2, Oi  = 0.15 
rad. 

'CffdT-2TPTi w(t) =0'(t) 1 -51RTITT 

	

cbtul 	 f9-WiTT 0(t) 'ff2Tr w(t) 
	FAci 	f9--*-pq 

	

ath Tqk 	 wirTv 

	

(b) 	 3-th 3114-dff 31-74 dii( 	2 

	

tl:T 14 	 1.) 31--IT4T1 
qr,311 I 

	• 3. (a) 	1.) .(-11-114[ 	f-A1Tk 	TUIrt1 	3 fq-:It 	7 
3T 731=rr 	 t 3t 	c1144-111 mid-1 

fiTfcra : 

a T 	a2 T  

	

at 
—K 	 0 < x < L, t > O. 

aT 
(0, = 0, t>0,—

aT 
(L,t)=0,t>0 

T(x, 0)=x, 0 < x < L. 
•aiaT 	t KW3:11-c00-1 "1"T:rifWt, x=0 

3-tx=LttRit3TI{tW-vitl 

x3 t 	Lbr-11 	tc-i .14 T4119 TT4 	rcv 
-74-4zb-Tur ROT 	Trt Tr 
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(b)   trq E=ae-t al 	36101R-1-1 	3 

-44-11ch(ur : 

dp 
=KP —a e-t, a > 0 t •316 P(t) Nit t 4:1-t 

dt 
	t 3i K 	tl P(t) 7ild Y I  
t 	00 TR \3114(.9611 cif cY-lc:Mk 4drR I 

4. 	(a) 	(i) 	fd7:171 .1jur K cII 1F fd7177 tii-nchtur * 	3 

(ii) 	M.11 TTCaIrlrct4r 	f -r-{g71 

ti~llcntui .H1qc-11 R C fq1.0*  

4-11cf 

(b) 	 Ch 	(ul fwrzt c11 	r 1 	7 

-ft-rTr-{ 	 Alk.ksir f9--0 	f9Tr-cra 

cnoi : 

dx  
—x 

2 	 dy =x+  
dt 	 dt 	

y 

 
(i) d)Llk 	TR 	chtul fiWrzt TfiftWriffW 

(ii) Wied-W rtsi-SA* 514hlt 	Terrffr-  TIT 

mill 	I 

5. (a) 1:11-9. r11r,TR rqc-c-il "RW 	 f-q--A 5 

st)I-RI: 2682, 2462 3  3012, tl f c 3TTc3) 

(9 n1k1 3 i, i f-q-Tff .k4 	) 	1ct.,titrrZtgr 

3TR:1T-4ff 	211 . (51 ITT aff-d-R 	Trilzr 
441cf 1117 2988t, 3 	51clu1c11 80 t 1 a =(3=0.2 
4-11-1,4) 	 fare 
3Ta-RT 	fq--A --1 -11-4-1-1:rm 

	

Isq. TR -411 	ITT 379-rfru -979-rat-4-  
Hqui enkul (smoothing) 	11-) 41 Wlf-- 7 1 

MTE-14 	 9 	 P.T.O. 



(b) 3c 	 -51941N7 	1:114ftZ 

y 45t)iiict) 	 144 cMul 

dy 
dt 

= Y(NR —Y -RY), Y(0) = yo  

.SITEd 	 t 	 N 	111:1FEE, yo  511jsiT 

kist) 	Trrrftz, -y alct, 	3th R i-1.114 

	

31-q-{ t I y 	-srm 	atl-{ 

turrKftwi-zrR aTaTeutTrfff 	t TW1ldiml  
-Frr 3tiw 	ti 

6. 	(a) fT-Efi. 	1:1Tv4 37.1117 	3 Tffff 	t I 	5 

ifTur cif Wig 10 Pild mrd t1a1 t IizfR4 3-71IF 

3th 	 (oit TriTzi 

ri 	Tff 

(1) 	(cii 	trcft1T 	cr-zh-rr quicb, 

(ii) 	70111 t 	t 511rt1mdi, 

	

Trurrol 47-*-r--1 	mciirkid 	 

(iv) -9-0- 1 	, 1A-ffT gRI 	&ra-1-ff  i ii 
\311 	9c44I qicf 1:P=R4 I 

(b) 	tilT91 kck-I 11-1d1 11=0.025 1-11i,r1 t I q{ 	 trilt 	5 

1.5 cm fWTT 8 x 10 -3cm2.TT 

P = - P2 =4 X 103  dyne/cm2  t, t : 

(i) Twi r afwdrr t-u-{T, T21 

(ii) 31-cr- Erur 
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7. 	(a) -RT 	TT 3-1T1:1TTfT 	 5 

q3  — 7q2  +16q + 90 I q" Is-e4 ffftTff7ff WIN7 

717 Tait WO cilglIk 	dt-111q-I 	T114T7 

(*) TT fi.4) I 31Pif4 '4101 	clfTlf-47, I 

(b) 	 m 	TTIT 	 3T1T 
	

5 

T V0 	4,111 	 '11d1 t I c:11 .5ifatq mgCV2  t 

‘316C 	31-17 t 7.1T V f*-1:ft 1111-4 t 	tl 

fq-UrfT 	-111 	tic1(.1 31ftrw ;,4 	 

tr0.4 4 OM TriTzf =Vc, 	= tan (gt fc) . A 

31T7f 611111 
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