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BACHELOR’S DEGREE PROGRAMME
Term-End Examination
June, 2012

ELECTIVE COURSE : MATHEMATICS
MTE-14 : MATHEMATICAL MODELLING

Time : 2 houtrs Maximum Marks : 50

Note : Attempt any five questions. All questions carry equal
marks. Use of calculator is not allowed.

1. (a) Using dimensional analysis, find the 6
expression for the following non -
dimensional numbers. _

(i) Reynolds number (depends on
p,U,L,p-) .
(ii) Peclet number (depends on U,L,D)
(i) Schmidt number (depends on p, p, D)
‘Where p is density, U is velocity, p is viscosity, D
is diffusion coefficient and L is length.

- (b) Sulphur dioxide is emitted at a rate of 4
260 gm/sec. From a stack with an effective
height of 80 m. The wind velocity at a stack
is 6 m/sec and the atmospheric stability
class is D for the overcast day. Determine
the ground level concentration along the
centre line at a distance 900 m. from a stack,
in micro grams per cubic metre.
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"Hint : ((ry= 69 m and o,=29.5 m are the standard
deviations in the vertical direction and cross wind
direction respectively).

2. (a)
(b)
3. (a)

MTE-14

Solve the appropriate pendulum model
Lo"+g6=0, 6(0)=6, 8 (0)=0

with L=0.9930 m, g=9.8 m/s?, 6,=0.15
rad.

Using the substitution w(t) = 6'(t), resolve the
given equation into a system of two
equations in 8(t) and w(t). Discuss the
stability of the system and sketch its
trajectories.

Explain the difference between continuous
and discrete models. Support your answer
by suitable example of each type.

The mathematical model representing the
temperature distribution in a homogeneous
rod with insulated ends and no internal heat
generation is given as follows :

a_T_K-az'T O<x<L,t>0
at_ ale * ' )

9T 0.4)=0, t>0,a—T(L,t)=O, >0
ox ox

T(x, 0)=x, 0 < x < L.

where T stands for temperature, K is the
coefficient of heat conduction, x=0 and
x=L are the two ends of the rod, and t is
the time. .

Use the method of separation of variables
to find T as a function of x and t.



(b)
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An emigration model with a decaying
emigration term E=ae ™! is given by the
following differential equation '
'd—p=KP —ae La>0

dt

where P(t) is the population at time t and K
is the growth rate. Find P(t). What is the

behaviour of the population as ¢ — e ?

Write (i) the diffusion equation with
diffusion coefficient K and (ii) the wave
equation with wave velocity C. Find the
dimension of K and C using these equations.

Consider the following system of differential
equations representing a prey and predator
population model ;

(i) Identify all the critical points of the
~ system of equations given above.

(i) Obtain the type and stability of these
critical points.
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(b)
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Suppose the quarterly sale for a particular
make of car in Delhi were 2682, 2462 and
3012, respectively. From past data prior to
these three data point, a straight line was
the fit. The value on the line corresponding
to the last observed time is 2988, and the
slope is 80. Use exponential smoothing
based upon the three observations given
above to forecast sales for the quarterly
period following these observations using
a=p3=0.2.

The model for the number of infectives y of
a population affected by the spread of a non
-fatal disease results in a differential

equation

d
% = YNB—y—By), y(0) = yo

where N the total population, y,, the initial
infected population, v the recovery rate and
B the contact rate are all constants. Solve
for y and show that the epidemic converges
exponentially to the stable state. '

The mean arrival rate to a service centre is
3 per hour. The mean service time is found
to be 10 minutes for service. Assuming
Poisson arrival and exponential service time,
find



(i)  the utilisation factor for this service
o facility. - :
(i) the probability of two units in the
system.
(iii) the expected number of units in the
system.
(iv) the expected time in hours that a
customer has to spend in the system.
(b) Consider arterial blood viscosity

u=0.025 poise. If the length of the artery is °
1.5 cm, radius 8x1073 cm and
P =P, - P,=4x10% dynes/cm? then find
the
(i) maximum peak velocity of blood, and
(i) the shear stress at the wall.
7. (a) The short-run cost function for an 5

entrepreneur is g3 —7q2-+16q+90.
Determine the price at which the
entrepreneur ceases production in an ideal
market. Derive the supply function also.
(b) A particle of mass m is thrown vertically 5

upward with velocity V. The air resistance

is mgCV? where C is a constant and V is

the velocity at any time t. Show that the
time taken by the particle to reach the
highest point is given by :

=V;) JC =tan (gt \/6)
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2. (a)
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frafafea afee das freyt ga #ifaw)

Lo +g0=0, 6(0)=6, 6' (0)=0

STEl L=0.9930 m, g=9.8 m/sec?, 6, =0.15
rad. .

TIARATTT w(t) = 6'(t) H1 TAIT 3, fu 7w

THIE B S FHE FEE () Ao w(t) H
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0T T

W =K a_x2

%(O,t)=(),t>0,%r(Lt)=0,t>O

T(x, 0)=x,0<x <L

STl T AT &, K 71 = &1 707 &, x =0
IMx=LBeF AR T o tgma d1

x ARt F Her F w9 H T I FW F forg =
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4. (a)

(b)
5 (@)
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e S & e | guifad 2 ot gafe
H y Swme safadl &1 feyl srawa gt

dy= o _ ,
2 - YNB=y=By) y0) =y,

¥ wra B B, SR N $@ s, i, TWivw
HehHa Tafe, v 3t e #1 R 3R pETH R
il =R 31y & fau g i FiNT SR
feamsy o Tt sraen & wia e s<rdih!
w7 9 arfimifia Bt B
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frfafaa I i)
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(i) Toeht H SREAT Dl TN W&,
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S ATl Yy 9o |

Y o WA, =0.025 9iEas ¥ gfe et
F1 @413 1.5 cm 531 8 x 10~ 3cm d91
P=P; —P,=4x10%dyne/cm2 &, I :

(i) T 1 AfrHad RreR a7, qen
(i) AR W 99 Fiqear F@ FiSQ |
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7. (a) & 3gUl &1 AeUmifa®w aAMd waAq
P -72+16q+90 71 I Yo fFuifea wifeg
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(b) EHH m AA T HU &l HEARA: IR HI AR
AV, § &H @71 Ag IR mgCV2 §,

W C U 9 a: Vel 7w ¢ wam Ry

feareu fF 30 %01 9 Tl sif 39 fag 7%
YgeA A M HE =V, JC = tan (gt VC). @
7l BT | -
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