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December, 2023 

BMTC–133 : REAL ANALYSIS 

Time : 3 Hours     Maximum Marks : 100 

Note : (i) Question No. 1 is compulsory.  

 (ii) Do any six questions from Question Nos. 

2 to 8.   

1. Which of the following statements are true or 

false ? Give reasons for your answers in the 

form of a short proof or a counter-example, 

whichever is appropriate : 2×5=10 

(a) The set 
2

1
1 : n

n

  
   

  
N  admits of an 

infimum. 
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(b) Q/N is countable. 

(c) The equation 3 3 1 0x x    has a root in 

the interval [1, 2]. 

(d) A bounded function which has only two 

points of discontinuity is not integrable. 

(e) The series : 

1 1 1 1
1 ........

2 4 8 16
       

is divergent. 

2. (a) Show that 
N

cos2

2 n

n

n 

 
 
 

 converges to zero. 5 

(b) If  f x  and  g x  exist for all ,x a b   

and  g x  does not vanish anywhere in  

]a, b[, then prove that : 

 
 

   
   

f c f c f a

g c g b g c

 


 
  

for some ] , [c a b . 5 

(c) State the Inverse Function Theorem. Show 

that the function :f R R  given by 

  3 8 2f x x x    has an inverse. Find the 

values of  1f y  for the values of y 

corresponding to 1, 2, 3.x  5  
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3. (a) Find the radius of convergence of the series 

,n
na x  where 

!
n n

n
a

n
 . 4 

(b) Let : 0,1f    R  be defined by : 

          

 



 
 

2

2

1
sin , for (0,1]

0 , for   0

x x
f x x

x

  

Show that f   exists, but f   is not Riemann 

integrable. 6 

(c) Show, whether or not, the set : 

    
   
  

1 11
X :

2

n

n
n

N   

is closed. 5 

4. (a) Using mathematical induction, prove that 

9 is a factor of    
3 33 1 2n n n     for all 

nN .  5 

(b) Check whether or not, the series : 

   

 
    


2 1

1 2 3nn n
  

is convergent. If convergent, find also its 

sum.   5 
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(c) Prove that : 5 

1 3tan ,x x x    if 0x  . 

5. (a) Evaluate : 5 

 
 

2

2
1

lim
4

n

n
r

n

n r
  

(b) Find the limits of the following sequences, 

if they exist : 5 

(i) 



 
 

 
N

2

4 1 2

n

n

nn
  

(ii) 


 
 
 

2
N

sin3 .cos4

n

n n

n
  

(c) Let  
sin

!
n

nx
f x

n
  for 0 x   . Show that 

the series nf  converges uniformly on 

0,  .  5 

6. (a) Find the derivative of 
2 2

1

1
,

n n x



 
  0,3x   , 

if possible. 6 
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(b) Determine the values of x for which the 

function f defined by : 5 

                5 4 312 45 40 6f x x x x    , x R  

attains a (i) maximum value, and (ii) a 

minimum value.  

(c) Test the following series for convergence : 4 

2 3
2 3 4

........
3 7 11

   
     
   

   

7. (a) Check whether or not the sequence 

 
n n

a
N

, defined by : 5 

         
1

1
2 1

2
n

n

a n
a

    


  

and 1 2a  is convergent. 

(b) Examine the function :  

   

 






 


 


 

1 1

1 1
, for 0

1 , for 0

x x

x x

e e
x

f x
e e

x

  

for continuity at  0x . If not continuous, 

describe the nature of discontinuity. 5 



 [ 6 ] BMTC–133 

   

(c) Check for Riemann integrability of the 

function f defined on [1, 3] as : 5 

                
 

  
 

1, when isrational

1, when  is irrational

x
f x

x
  

8. (a) Establish the equivalence : 5 

                     ~ ~ ~p q p p q p q   

(b) Prove that every convergent sequence is 

bounded. Also prove or disprove its 

converse. 5  

(c) Test the convergence of the series : 5 



 


1

3
1

tan

1n

n

n
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(i) 

(ii) 

]

      2×5=10 

(i)
2

1
1 : n

n

  
   

  
N  

(ii) Q/N
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(iii) 3 3 1 0x x   1,2  

(iv)

(v)
1 1 1 1

1 ........
2 4 8 16

    

N

cos2

2 n

n

n 

 
 
 

,x a b    f x  g x

  , ] , [g x a b

] , [c a b

 
 

   
   

f c f c f a

g c g b g c

 


 
 

  3 8 2f x x x  

:f R R 1,2,3x 

y  1f y



 [ 9 ] BMTC–133 

  P. T. O. 

 n
na x

!
n n

n
a

n


: 0,1f    R

       

 



 
 

2

2

1
sin ,  (0,1]

0 ,    0

x x
f x x

x

 

f  ( f 

 1 11
X :

2

n

n
n

   
   
  

N  

nN    
3 33 1 2n n n   

   
2 1

1 2 3nn n


 
   

]
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0x  ]

1 3tan x x x    

 

2

2
1

lim
4

n

n
r

n

n r
 
  

 ]

(i) 


 
 

 
N

2

4 1 2

n

n

nn
  

(ii) 


 
 
 

2
N

sin3 .cos4

n

n n

n
 

0 x     
sin

!
n

nx
f x

n


, 0,nf   

2 2
1

1
,

n n x



 
 0,3x  
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x

             
  5 4 312 45 40 6f x x x x    , x R  

f  i

]  ii

2 3
2 3 4

........
3 7 11

   
     
   

 

1

1
2 1

2
n

n

a n
a

    


 

1 2a   
n n

a
N

 0x

 






 


 






1 1

1 1
, 0

1 , 0

x x

x x

e e
x

f x
e e

x

 

]
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[1,3] f 

    

 


 


1,

1,

x
f x

x
  

          ~ ~ ~p q p p q p q



 


1

3
1

tan

1n

n

n
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