BMTC-134

No. of Printed Pages : 16

BACHELOR OF ARTS/
BACHELOR OF SCIENCE
(BAG/BSCG)
Term-End Examination

December, 2021
BMTC-134 : ALGEBRA

Time : 3 Hours Maximum Marks : 100

Note : (i) The question paper has three Sections—

Sections A, B and C.

(it) All questions in Section A and Section B
are compulsory.

(iti) Do any five questions from those given
in Section C.

(iv) Use of calculator is not allowed.

P.T.O.
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Section—A (Marks : 20)

Which of the following statements are true ?

Give reasons for your answers in the form of a

short proof or a counter-example, whichever is

appropriate : 2x10=20

@)

(i1)

(iii)

(iv)

*

The operation * is a binary operation on

N, where :
x*y=lem.(x,y)Vx,y e N

The set of all functions of {1, 2, e, ,10}

to itself forms a group w. r. t. the

composition of functions.

If n, and m, are in Si5 such that
sign (n,) = sign (my), then
o(m) = o(ny).

If G is a group and HAG, KAG, then

G=HxK.



2.

(v)

(vi)

(vii)
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As has a unique proper normal

subgroup.
The ring C is generated by {1} .
If f:R; > Ry is a ring homomorphism,

then R; must be isomorphic to a subring

of Ry.

(vii1) If Z is a subring of a ring S, then Z must

(ix)
(x)

(a)

be an ideal of S.

If R is a field, then so is R[x:'

If R is a commutative ring, then every
non-trivial proper ideal of R [x] intersects

Rx non-trivially.

Section—B (Marks : 30)

Let X be the set of all lines in R x R.
Consider the relation ‘~’ on X, given by
“Li ~ Le iff Li i1s perpendicular to Lo”.
Check whether ~’ is reflexive, symmetric

or transitive. 3

P.T.O.

(b)

(c)

(a)

(b)

(c)
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Let I be a non-trivial ideal of a field F.
Prove that I = F. 3
Show that the map f:Z+iZ — Z,,

defined by f(a + ib) = (a — b)mod 2, 1s a
ring epimorphism. Also obtain ker f. 4

Let :

r={fe, 0

Check whether or not R is a ring w. r. t.

a,beZ}

matrix addition and multiplication. 5

Find all the possible generators of a cyclic

group of order 12. 3
Give two distinct elements of the quotient

group C [x]/ <x2>, with justification. 2



(a)

(b)

(c)
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Express the permutation :

(12345867
376 421 5

as a product of disjoint cycles. Also find

o ! in S7 and write it as a product of

disjoint cycles. Further, obtain sign (G). 4

Obtain the possible orders of a subgroup of
a group of order 45. Further, obtain the
corresponding number of right cosets in

each case. 4

Let S be a commutative ring and x € S be
a zero divisor of S. Obtain all the zero

divisors of S in S 2

Section—C (Marks : 50)

(a) (i) Find 0(%+Zj in Q/Z, where

(a,b) =1 and b # 0.

P.T.O.

(b)

(a)

(b)
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(1) Show that there are elements in Q/Z

of order n, for each n € N.

(111) Is Q/Z cyclic ? If so, find a generator. If
it 1s not cyclic, give reasons for saying

Sso. 7

How many distinct monic irreducible
polynomials of degree 3 with no linear

term are there in Zg[ x| ? Give reasons for

your answer. 3

Let (G, .) be a group and H be a subgroup
of Aut (G). Check whether or not (H x G, *)

1s a group, where :
(61,21) * (99:%5) = (1 005, 05" ()., )

defines the operation *, for ¢;,¢, in H and

Xy, %9 10 G. 7

Consider the map ¢, : Z —> Z :¢,(2) = nz,

where neZ. Find the conditions on

neZ under which ¢, 1s a ring

homomorphism. 3



7.

(a)

(b)

(a)

(b)

(a)
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Let R be a commutative ring with unity
and I be an ideal of R. Prove the statement :
“If I is a prime ideal, then I is the kernal of
a homomorphism from R to an integral

domain.”

Further, state the converse of the
statement above and check whether it is

true or not. 8

Give an example, with justification, of a

group with exactly two distinct subgroups.

2

Let G be a finite group and let N be a

normal subgroup of G of order n. Further,
let n and |G : N|(= m) be coprime. Show

thatNZ{aeGIa”:e}. 6
Let R be a commutative ring with unity.
Let x2=xVxeR. Show that x" =x

Vx € R and Vn € N. Hence find the set

of nilpotent elements of R. 4

Let I=(x,2) and J =(x,3) be ideals in

Z [ x ]. Prove that IJ = (x, 6). 5

P.T.O.

(b)

10. (a)

(b)
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Let G be a finite group. Let

S= {g eG ‘g5 = e}, where e is the identity

element of G. Show that |S| is odd. 5
R5
Prove that RT = R as groups. 8

Let R be a ring, and I be an ideal of R. Find
(char R — char I). 2
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IA—dh (31 : 20)

frefafed & ¥ ®H-9 %99 99 © ? A9

ST & HRU Ush o IU9rd o1 Hfd-3<eor i
f I9gad B, & ®Y H If9Q : 2x10=20

(1)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

shrm SN W frenard i 3, Wl
x*y=1lem.(x,y)Vx,y € N

el % GANH % HNE HHed
S — 10} 9 @F a aRefya @«
HorHl 1 TH=IT Th HHE 2

I n, R n,, S, ¥ 3@ WAR ¥ @
sign (m,) = sign (), A o(m) = o(my)!
gfc G ®E THE € W HAG, KAG, d

G=HxKI

A, H TH Afgd 3fed g IuEHe
2

aed C, {1} ¥ v 2l

% f:R, >R, T T FHAGNRG T,
@ R, & R, & Tordl Stoe@ =
eI BT BT
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(viii) afe Z fodl e/ S #1 IYged 2, A Z &)
S #1 ideal BT =g

(x) 4@ R TH &F B, @ R[x] *ff TF &=
2l

(x) a R Tk wEfAAET oo 8, @ R[x]

H YdF Ade® 3fad MUNTEE! Rx i

=8 ¥ ¥ gfdese & 7

T—9 (31 : 30)

. (F)FHE Wit X, RxR H 9t @i

=g €1 X W Hay '~ W foEr Hifiu
StL, ~ L, 3R @R 9d ARk L, L, W
e " W uiwftm #1 witw sitsw fm e
'~ e, FEHT A1 HEEE 2 3
(@)HE ©ifeit [ Tk &F F & T 3=
TurSTeret €1 fas wifse fof 1= F I 3
(M) fearee ff wed fiZ+iZ > Z,, S
fla+ib)=(a-b)mod2 ¥ uftwmfya 2,
TF SR g0 GHERRG B @Y d,

ker f ¥t F@ ifsTl 4

P.T.O.
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. (®)HA efifse R={ ¢ a_b}|a,beZ}l

a-> a
Site ifsiw foF strede I 9 TUE % Gy

R T 9ad & a1 a1 5

(@)HIfE 12 o1 T THhig U & It o

SFeh FTd ShifSg| 3

(m faum wqe C[x]/ (x2) & @ fa=-fa
g¥a, ufte gfed, difu) 2

. (d)HEAT

1 23 45 6 7
O =
376 4 215

H IETH Akl D TMHARA H ®I H
fafeu) @ &, 8. & o1 o Hifew iR
TH IHYH dhl B ERA h ®I H
fafewl &M, sign (o) 3@ IS 4
(@) ®Hife 45 drel fRddl T8 & ITHYE H! 999
Hifedl T wifSw @y &, g fefa o
LSRG M 1 S En e koo M 0 B < £ M
ifra| 4
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(M wH ST s Tk wEfatEE ged € SR 6. (®)AH ST (G,.) TH WIE T 3R
xeS,S & TH UF &F UNF Bl S B H, Aut (G) &1 TH IUEHE ol g HIfSw

S, ® O+l v & Wi WId &ifewl 2 ff @ (HxG*) T @ 2 el
¢1,00 € H 3R x,x, € G & fau dfwan

T (3% : 50) v = e B 7

(61,%1) * (990 %5) = (610 b9, 05" (21). 25

5. (%) () Q/Z ¥ 0(%+Zj EIGRCA IS ‘
(@YheH ¢, :Z>Z:d,(z)=nz, &l nelZ

(a:6) =1 R b= 01 W fER HEC n ez WA wRE S
G) 9% neN ® fom feame 6 HIfu Sk AT ¢, T T FHHIRG
’ 2l 3

Q/Z ¥ &Hife » = e B

7. (®)YHE SIST R Tk a9k hAfGa@HI gedd

(i) M Q/Z FHE © 2 AR B, @ THH

2 3R LR &I T TUNTEe el 9 oA

TF SHF A Sifn| afe Fwia 16 R, o T
A e o 7 i 2 7 “gfe 1 TH HAWT TUNSTERT B, Al I, R 9
(@) Zy[x] & s 3 9@ fo=-fa= fre T R Wi R fee w5
THUR] @S Hg d98ue ©, T H & sz 21"
THE U€ &l § ? AT SW H HN M, 3YdH weH w1 faem fafan v St=
difsm 3 e & a8 ¥ € = =) 8

P.T.O.
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(@)TF Y §9g &, ufic gfeq, e Sifsu (@)AF oSt G wh ufifqa @9e 21 |E

~ 5

9k hadl & 3TAT-3Te 3U9HE Bil 2

it S:{geG|g5:e}, SEl e, G I

qETH oT9dd ¢l fe@msu S| faom 21 5
8. (F)UH wifst ¢ T ufifhd 99==9 © 3R

R? . .
qH ifsit N &ife , aen G & TH 10.(¢)ﬁmaﬂﬁmﬁﬁﬁzR,wﬁaﬁmﬁ|8
THH SYEHE 21 WY ), 9 eife e g

(@)AF ofifsit R T sad & 3R I, R ot
R |G:N|(=m) s ¥ fEwe f&

TH  TUSEEt 81 (char R—charl)

N:{aeGlanze}l 6 sﬂaaﬁ.r\_:rql )
(@)HE &ifSit R T&h dcd9eh! shufa@Hd gad
21 AM ot x2 = xvx e R| fE@mET f&F
x" =xVxeR 3N VneNI 38 U&HR,
R & Y=YEl 3@del 1 99==9d A6
SIS 4
9. ()HM wifsT I=<x,2> 3R J=<x,3>, Z| x|
¥ eEfeE B g i fF
1J = {x,6)! . BMTC-134
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