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Note : (i) The question paper has three Sections—

Sections A, B and C.

(ii) All questions in Section A and Section B

are compulsory.

(iii) Do any five questions from those given

in Section C.

(iv) Use of calculator is not allowed.
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Section—A (Marks : 20)

1. Which of the following statements are true ?

Give reasons for your answers in the form of a

short proof or a counter-example, whichever is

appropriate : 2×10=20

(i) The operation * is a binary operation on

N, where :

  * l.c.m. ( , ) ,x y x y x y N

(ii) The set of all functions of  1,2, .........,10

to itself forms a group w. r. t. the

composition of functions.

(iii) If 1 and 2 are in S15 such that

sign    1 2sign ,   then

     1 2o o .

(iv) If G is a group and H G, K G,  then

G H K .
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(v) A6 has a unique proper normal

subgroup.

(vi) The ring C is generated by  1 .

(vii) If 1 2: R Rf  is a ring homomorphism,

then 1R must be isomorphic to a subring

of 2R .

(viii) If Z is a subring of a ring S, then Z must

be an ideal of S.

(ix) If R is a field, then so is R x  .

(x) If R is a commutative ring, then every

non-trivial proper ideal of R [x] intersects

Rx non-trivially.

Section—B (Marks : 30)

2. (a) Let X be the set of all lines in R × R.

Consider the relation ‘~’ on X, given by

“L1 ~ L2 iff L1 is perpendicular to L2”.

Check whether ‘~’ is reflexive, symmetric

or transitive. 3
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(b) Let I be a non-trivial ideal of a field F.

Prove that I = F. 3

(c) Show that the map 2:f i Z Z Z ,

defined by    mod 2,f a ib a b   is a

ring epimorphism. Also obtain ker f. 4

3. (a) Let :

R ,a a b
a b

a b a
  
     

Z

Check whether or not R is a ring w. r. t.

matrix addition and multiplication. 5

(b) Find all the possible generators of a cyclic

group of order 12. 3

(c) Give two distinct elements of the quotient

group C 2/ ,x x   with justification. 2
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4. (a) Express the permutation :

1 2 3 4 5 6 7
3 7 6 4 2 1 5
 

   
 

as a product of disjoint cycles. Also find

1 in S7 and write it as a product of

disjoint cycles. Further, obtain sign   . 4

(b) Obtain the possible orders of a subgroup of

a group of order 45. Further, obtain the

corresponding number of right cosets in

each case. 4

(c) Let S be a commutative ring and Sx  be

a zero divisor of S. Obtain all the zero

divisors of S in Sx. 2

Section—C (Marks : 50)

5. (a) (i) Find   
 

o a
b

Z in Q/Z, where

 , 1a b  and 0b  .
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(ii) Show that there are elements in Q/Z
of order n, for each n  N.

(iii) Is Q/Z cyclic ? If so, find a generator. If
it is not cyclic, give reasons for saying
so. 7

(b) How many distinct monic irreducible
polynomials of degree 3 with no linear

term are there in 3 x  Z ? Give reasons for

your answer. 3

6. (a) Let (G, .) be a group and H be a subgroup
of Aut (G). Check whether or not (H × G, *)
is a group, where :

            1
1 1 2 2 1 2 2 1 2, * , o , .x x x x

defines the operation *, for 1 2,  in H and

1 2,x x in G. 7

(b) Consider the map    : : ( ) ,n n z nzZ Z

where nZ . Find the conditions on
nZ under which n is a ring
homomorphism. 3
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7. (a) Let R be a commutative ring with unity
and I be an ideal of R. Prove the statement :
“If I is a prime ideal, then I is the kernal of
a homomorphism from R to an integral
domain.”

Further, state the converse of the
statement above and check whether it is
true or not. 8

(b) Give an example, with justification, of a
group with exactly two distinct subgroups.

2

8. (a) Let G be a finite group and let N be a
normal subgroup of G of order n. Further,
let n and  G : N m be coprime. Show

that N =  G | na a e  . 6

(b) Let R be a commutative ring with unity.
Let 2 Rx x x   . Show that nx x

Rx  and n  N . Hence find the set
of nilpotent elements of R. 4

9. (a) Let I ,2x and J ,3x be ideals in

Z x  . Prove that IJ = , 6x . 5
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(b) Let G be a finite group. Let

S =  5Gg g e  , where e is the identity

element of G. Show that S is odd. 5

10. (a) Prove that
5

4
R R
R
 as groups. 8

(b) Let R be a ring, and I be an ideal of R. Find
(char R – char I). 2
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&

] 2×10=20

(i) *,N ]

  * l.c.m. ( , ) ,x y x y x y N

(ii)

 1,2, .........,10

(iii) 1 2 ] 15S

sign    1 2sign ,        1 2o o

(iv) G H G, K G  ]

G H K

(v) 6A

(vi) ,C  1

(vii) 1 2: R Rf  ]

1R 2R
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(viii) Z S ] Z

S ideal

(ix) R ] R x  

(x) R ] R x  
Rx

&

X, R R

X ' ~ '

1 2" L ~ L 1 2L , L

' ~ ' ]

I F

I F

2:f i Z Z Z ]

   mod 2f a ib a b   ]

]

ker f
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R ,a a b
a b

a b a
Z

R

2/x x  C

] ]

1 2 3 4 5 6 7
3 7 6 4 2 1 5
 

   
 

] 7S 1

]  sign 

]
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S

S, Sx  S

Sx

&

(i) /Q Z   
 

o a
b

Z ]

 , 1a b  0b 

(ii) n  N ]

Q / Z n

(iii) Q / Z ]

]

3 x  Z

]
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 G, .

H, Aut (G)

 H G,* ]

1 2, H   1 2, Gx x 

*

            1
1 1 2 2 1 2 2 1 2, * , o , .x x x x

 : :n n z nz   Z Z ] n  Z

n  Z

n

R

I, R

I ] I ] R

]
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] ]

G

N n G

] n

 G : N m

 N G| na a e  

R

2 Rx x x  

Rnx x x   n  N ]

R

I ,2x J ,3x ] x  Z

IJ ,6x
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G

 5S G|g g e   ] , Ge

S

5

4
R R
R
 ]

R I ] R

 char R – char I

BMTC–134


