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BMTC-133 : REAL ANAYSIS

Time : 3 Hours Maximum Marks : 100

Note : (i) The question paper has three Sections—

Sections A, B and C.

(ii) All questions in Section A and Section B

are compulsory.

(iii) Do any five questions from those given

in Section C.

(iv) Use of calculator is not allowed.

Section—A (Marks : 20)

1. Which of the following statements are true ?
Give reasons for your answers in the form of a

[ 2 ] BMTC-133

short proof or counter-example, whichever is
appropriate : 2×10=20

(i) Every bounded subset of R is closed.

(ii) The negation of the statement p q r 

is   ~p q r  .

(iii) 7 1n  is divisible by 2 for every
n  N.

(iv) The sequence  3 2n n
n


N

is increasing.

(v) The series  
1

1 n

n




 diverges.

(vi) Every strictly decreasing function is
invertible.

(vii) The equation 3 2 3 0x x   has a real
root between – 2 and 1.

(viii) An integrable function has finitely many
points of discontinuities.

(ix) The function f defined on R by

  5f x x  has a local minimum at

  5x .
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(x) If  0 0f  and   1sinf x x
x

 for 0,x 

then f is continuous at 0.

Section—B (Marks : 30)

2. (a) Check whether the set   ] 5, 7] [ 7, 5[

contains any  -neighbourhood of 3. 2

(b) What are the sufficient conditions for a set

to have a limit point ? Check whether the

set 1 | n
n

   
 

N has any limit point

in R. 3

3. (a) Using the definition, show that the

sequence 1
nn 

 
 
  N

is Cauchy. 3

(b) Give an example of a divergent sequence

which has two convergent subsequences.

Justify your choice of example. 2
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4. Test the following series for convergence : 5

(i) 2 2 2 2 2 2
1.2 3.4 5.6 .......

3 .4 5 .6 7 .8
  

(ii) 2 3

1
1 1

n
n n




  

5. Check whether the following functions are
continuous on R. If they are discontinuous, find
the nature of discontinuities. : 6

(i)  
 

  
 

2 1 , if 1
1

1 , if 1

x xf x x
x

(ii)   
 



2, if
4, if

x
g x

x
Q
Q

6. Let :

  3 2, 0,1 .f x x x     

Let nP be the tagged partition formed by the

subintervals :

1
1I 0,
n

    
, 2

1 2I ,
n n
    

, ..........,
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    

1I ,i
i i

n n
,..........,     

1I ,1n
n

n
,

where the tags are given by :

 , 1, 2, .......,i
it i n
n

.

Calculate the Riemann sums. Is f Riemann
integrable ? Justify your answer. 6

7. Using the Weierstrass M-test, show that the

series






 2 2

1

1 ,
n

x
n x

R converges uniformly.

3

Section—C (Marks : 50)

8. (a) Find the interior of the set : 4

1

1 1,1
n n n





   


(b) Prove that  n na N defined by 1 1a and

1 3n na a  for 1n  , is increasing,

bounded and converges to 3. 6

9. (a) Test the conditional convergence of the
series :
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1 1 1
3 3 3

1 1 11 ........
2 3 4
   

Is it absolutely convergent ? Justify your
answer. 5

(b) Prove that between any two real roots of

sin 1,xe x  there is at least one real root

of cos 1 0xe x   . 5

10. (a) For 0,1x     and n  N , define

  2n
xf x x
n

  . Find the limit function f of

the sequence  n nf N . Is f continuous ?

Does    1 1
0 0

lim nn
f x dx f x dx


  ?

Justify your answers. 5

(b) Show that  n na N , where 2 2n
na

n



is

monotone. Is  n na N Cauchy ? Is  n na N

convergent ? Justify your answers. 5
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11. (a) Give a direct proof and an indirect proof of

the statement “The product of two odd

integers is an odd integer.” 5

(b) If f is differentiable on I ,a b    and k is a

number between  f a and  f b , then

show that there exists at least one c such

that  f c k  . 5

12. (a) Let the function f be defined on R by

  3 1sinf x x
x
   
 

, if  0x and  0 0f  .

Show that f  is continuous of R, but it is

not derivable at 0. 5

(b) Find the sequence of partial sums of the

series
 1 1n

x
n n



  , where    0,x .

Does the sequence converge pointwise ?

Does it converge uniformly ? Justify your

answers. 5
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13. (a) Apply the Cauchy integral test to find : 5

 

3

2
1

lim
3

n

n r

n
n r  

 .

(b) Test the following series for convergence :

5

(i)




 
  


1

3
2 1

n

n

n
n

(ii)  
21

1
1

1
n

n

n
n









14. (a) Find the greatest value of the function :

  4 3 22 3 4 7f x x x x x    

over the interval [0, 1]. 5

(b) Check whether the set of rational numbers
is a field or not. 5
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&

2×10=20

(i) R

(ii) p q r    ~p q r 

(iii) n  N ] 7 1,2n 

(iv)  3 2n n
n


N

(v)  
1

1 n

n






(vi)

(vii) 3 2 3 0x x   2

(viii)

(ix)   5f x x  R

f 5x  
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(x)  0 0f    1sin , 0f x x x
x

 

] , 0f

&

  ] 5, 7] [ 7, 5[



1 | n
n

   
 

N R

1
nn 

 
 
  N
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(i) 2 2 2 2 2 2
1.2 3.4 5.6 .......

3 .4 5 .6 7 .8
  

(ii) 2 3

1
1 1

n
n n




  

R

]

(i)  
 

  
 

2 1 , 1
1

1 , 1

x xf x x
x

(ii)   
 



2,
4,

xg x
x

Q
Q

  3 2, 0,1f x x x     

nP ]

1
1I 0,
n

    
] 2

1 2I ,
n n
    

] ]

1I ,i
i i

n n
    

] ] 1I ,1n
n

n
    

] ,i
it
n

 1, 2, ........,i n
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f

ª M ]






 2 2

1

1 ,
n

x
n x

R

3
&

1

1 1,1
n n n





   


1 1a 1n 

1 3n na a   n na N

]

1 1 1
3 3 3

1 1 11 ........
2 3 4
   
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sin 1xe x 

cos 1 0xe x  

0,1x     n  N

  2n
xf x x
n

 

 n nf N f

f

   1 1
0 0

lim nn
f x dx f x dx


 

 n na N , 2 2n
na

n



]

 n na N

 n na N
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, I ,f a b   

 ,k f a  f b ]

c

 f c k 

,f R

  3 1sinf x x
x
   
 
]  0x

 0 0f 

,f  R ]

 1 1n

x
n n



 

]    0,x
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 

3

2
1

lim
3

n

n r

n
n r  



(i)




 
  


1

3
2 1

n

n

n
n

(ii)  
21

1
1

1
n

n

n
n









  4 3 22 3 4 7f x x x x x    

0,1  

5
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