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Note: Question no. 7 is compulsory. Attempt any
four questions from questions no. 1 to 6. Use of
calculators is not allowed.

1. (a) Let V be the vector space of all n x n
matrices over R. What is the dimension of
V over R ? Further, let

W, ={Ay . € V| A, , is upper triangular).
Check whether or not W is a subspace of V. 3

(b) Check whether or not the matrix

1 1 1
A=0 -2 2
0 -2 3

is diagonalisable. If it is, find a matrix P and
a diagonal matrix D such that P-1 AP = D.
If A is not diagonalisable, find Adj(A). 7
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2. (a)
(b)
3. (a)
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Let {vy, Vg, .., Vp} be a set of linearly

independent vectors of a vector space

V over R. Define T:R™ -V by

T((aq, 0tgy .y Op)) = V] + OV + ... + OpVp

for all (aq, 09, ..., Op) € R™,

(i) Check whether or not T is a linear
transformation.

(ii) Can the dimension of V over R be
(n — 1) ? Give reasons for your answer.

Let

A=|-1 2 -1}

Find A% using the Cayley-Hamilton theorem.
Further, is A invertible ? Give reasons for
your answer.

Let T : R® > R3 be the linear transformation
given by T((x, y,2)) = 2x +y,3y + 2,2 - 2x)
for all (x,y,2) € R3.

() Find the matrix of T with respect to
the basis {(0, 1, 1), (1, 0, 1), (0, 0, 1)} of
R3.

(ii) Check whether or not T-1 exists. If
T-1 exists, write T1((x, y, z) for
x,,z€ R If T-1 does not exist, find
the minimal polynomial of T.
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(b)
4. (a)
(b)
5. (a)
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Find the range space R(T) and the kernel
ker (T) of the linear transformation T given

by T:R3 - R2
T((x, y, 2)) = (- 2%, 5x + y) for all (x, y, z) « R3. 3

Can the following system of equations be
solved by Cramer’s rule ? If it can, apply the
rule for solving it. Otherwise, solve it by the
Gaussian elimination method. 4
3x+3y-5z=3
X+2y+z=-1
2Xx+y—-6z=4
Apply the Gram-Schmidt orthogonalisation

process to find an orthonormal basis for the
subspace of C* generated by the vectors

{1,i0,1,@1,0,i,0),(-i,0,1, -1)}. 6
Let
5
P, = Zaix‘ a; eR} and
i=0
5
W= Z:aix1 ag=ag=a4=0,a; eR}.
i=0

It is given that Pg is a vector space over
R and W is a subspace of P

1) Under what condition on elements
pand qof Pywill p+ W=q+W?

(ii)) Find a subspace U of Pg such that

(iii) What is the dimension of U ? ' 6
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(b)) ForaeC,letT: C"™ - C" be the linear
transformation defined by T(v) = av. Find
the adjoint of T with respect to the standard
inner product on C". Under what conditions
on o will T be Hermitian ? Under what
conditions on a will T be unitary ? Give
reasons for your answers. 4

6. (a) Find the orthogonal canonical reduction of
the quadratic form Q = 3x2 + 2y2 — 242 xy.
Also give its principal axes. Finally, draw a
rough sketch of the orthogonal canonical
reduction of Q = 4. 5

(b) Find the radius of the circular section of the
sphere |r —¢| =7 by the plane

r. (3i—j+2k)=2ﬁ,wherec=(—1,0, 1). 3

(¢) Prove that if A is an invertible matrix, then
so is Adj(A). 2

7. Which of the following statements are true ?
Give reasons for your answers. 5x2=10

(@) If A eM,(R), then rank (A) = det (A).

(b) There is one and only one unitary matrix in
M,(R).

(¢) If U and V are subspaces of a vector space
W over R, then U U V is also a subspace of W.

(d) Given a linear transformation T from
R? to R®, rank (T) + nullity (T) = 6.

(e) The relation R, defined on the set of lines in
R2 by 9; R I, iff I; and Iy intersect’, is an
equivalence relation.
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