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(Weightage : 70%) 

Note : Question no. 1 is compulsory. Attempt any four 
questions from questions no. 2 to 7. Calculators are 
not allowed. 

1. State whether the following statements are True 

or False. Give reasons for your answer. 	5x2=10 

(a) Continuous image of a Cauchy sequence is 
a Cauchy sequence. 

(b) Every connected metric space is path 
connected. 

(c) The function f : R2  ---> R2  defined by 

f(x, = (x2  — y2, 2xy) is invertible. 
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(d) The projection map defined on (R2, d), 

where d is the usual metric, is continuous. 

(e) Every Lebesgue integrable function is 
Riemann integrable. 

2. (a) Let X = C[0, 1]. For f, g E C [0, 1] define 

d:XxX-*Rby 
1 

d(f, g) = 	I f(t)— g(t) I dt, where the 

0 

integral is the Riemann integral. Show that 

d is a metric on X. Find d(f, g), 

where f(x) = 2x and g(x) = x 2, x E [0, 1]. 	5 

(b) Show that every compact set in a metric 

space is closed and bounded. Is the 

converse true ? Justify your answer. 5 

3. (a) Find the directional derivative of the 

function f : R4  —> R3  defined by 

fix, y, z, w) (x2y, xyz, x2 + y2 + zw2) at  

a = (1, 2, — 1, —2) in the direction 

V = (0, 1, 2, — 2). 	 4 

(b) Show that the outer measure of a 
countable set is zero. Also compute 
m* (R — Q), where Q is the set of all 
rational numbers. 3 
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(c) Find the Fourier series for the function 

—6—t, 

f(t) = 	t, 

6 — t, 

4. (a) Find the extreme values of the function 
f(xi, x2, x3) = xj.  + x2 +4 

subject to the constraint 
4x1  + x22  + 2x3  = 14, 

xi , x2, x3  O. 	 4 

(b) Let (X, d) be a metric space, and A be the 
subset of X. Show that 

(i) A = int A U bdy A. 

(ii) A is closed, if and only if A bdy (A). 	3 

(c) State a sufficient condition for which the 
convolution integral of two Lebesgue 
integrable functions exists for all x e R. 
Show that for the following functions, the 
convolution integral does not exist : 3 

1 	if 0<t<1 

0, 	if tOort__1 

1 	
if 0<t<1 

g(t) = 

0, 	if t_Oortl 
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5. (a) Let h(t) = e-2t u(t). Then find the system 
response to the input function 

f(t) 	
2 	k 
E  (2.) e i 3 k t 

k =- 2 

3 

(b) Let (X, d) be a metric space and a E X be a 

fixed point of X. Show that the function 

fa : X --> R given by fa(x) = d(a, x) is 

uniformly continuous on X. 	 4 

(c) Expand the function 

f(x) = x, if 0 x It as a Fourier sine series. 	3 

6. (a) State the implicit function theorem for R 3 . 

Let f = R3  --> R defined by 

f(x, y, z) = x2  + y3  — xy sin z. 

Show that the equation f(x, y, z) = 0 defines 
a unique continuously differentiable 
function g in a neighbourhood of the point 
(1, —1, 0) such that g(1, —1) = 0. 5 

(b) Let (X, d 1) and (Y, d2) be metric spaces and 

f : X  onto  > Y be a continuous mapping. 

If X is connected, then show that Y is 

connected. 2 

(c) Define a time invariant system. Check 
whether the system R : f --> g given by 

t 

fg(t) = (Rf) (t) = f(c) dc,f E I.:(R) is a time 

-00 

invariant system. 	 3 
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7. (a) State Baire Category theorem and use it to 

check whether Q with usual metric is 

complete. 3 

(b) Use the Dominated Convergence theorem 
Co 

si to find lim 	f„ (x) clx , 
n—> oo 	"' 

1 

where fn(x) = nx  

(c) Show that in a metric space, a finite 
intersection of open sets is open. Give an 
example to show that an arbitrary 
intersection of open sets may not be open. 

1+ rt 2X2  • 
3 
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