No. of Printed Pages : 8 MTE-06

BACHELOR’S DEGREE PROGRAMME
(BDP)

Term-End Examination

OSs4a432 December, 2015

ELECTIVE COURSE : MATHEMATICS
MTE-06 : ABSTRACT ALGEBRA
Time : 2 hours Maximum Marks : 50
(Weightage : 70%)

Note : Attempt five questions in all. Question no. 7 is
compulsory. Answer any four questions
from questions no. 1 to 6. Use of calculators is not
allowed.
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Check whether I is an ideal of the ring

a b
R-=
c d
(b) Let G be a group and let H be a subgroup of
G. For x e G, show that

x1Hx={x1hx | he H}

is a subgroup of G. Further if H is finite,
then provethat | x 1Hx | = | H |. 4
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1. (a) Let

l,m,nkeZ}

a,b,c,deZ}. 3




(c)

2. (a)
(b)
(c)
3. (a)
(b)

(c)
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Show that the polynomial
3x5 + 15x* —20x3 + 10x + 20

is irreducible over Q. Is the polynomial
x* +4x% +2x% + 2x + 1

irreducible over Zg ?

Find the remainder obtained on dividing
10100 by 7.

Prove that Qlx] =~ Q as fields.
(x-2)

Define a relation ‘~’ on Rby ‘a ~bif a — b is

an integer’. Show that this is an equivalence

relation. Give the equivalence classes of 0

and V2.

Find the zero divisors and the nil radical of
Z10.

Give all possible generators of the cyclic
group G = (x) of order 8.

a 0
Let S be the ring S= |: } a,beR
0 b

with respect to the usual matrix addition
and multiplication. Show that, the map

r 0
0 : R — S defined by 6(r) =[ } is a ring
0 r

homomorphism. Find the kernel of 6. Is 6
1 -1 ? Is 6 onto ? Justify your answers.

2



4. (a) LetF be a finite field such that

¥-x =1 (x —a).
aelR
Answer the following : 5

1) What is the number of elements in F ?
(i1) | What is the characteristic of F ?
(iii) IsZ3cF?
(b) Prove that a group of order 33 is cyclic. 2

(c) Show that {0, 5,10,15} is a maximal ideal
in Z20. 3

- 5. (a) Use the principal of mathematical induction

to prove that 1+2+3+...+n:n(n+1) for

all positive integers n. 2

(b) Express the permutation

(12345678
23786514

as a product of disjoint cycles. Also write ¢
as a product of transpositions. Is ¢ an even

permutation ? ' 3

(¢) Find all the 9-Sylow subgroups of Z,5. Are
they all cyclic ? If yes, give their generators. 5
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6. (a) Show that the map 6 : R —» R¥ defined by
ox)=¢* forall xe R isa homomorphism
of groups, where R* denotes the group of
positive real numbers under multiplication.
Is 0 an isomorphism ? 3

®) Let H=A4 and

K=1{1,(12)(34),(13)(24),14) (23}

Check that K is a subset as well as a
subgroup of A4. Is it a normal subgroup of

H ? Justify your answer. . 4

(¢) Find the gcd of x3+ 6x+1 and x2+3 in
Z,1x]. ’ 3

7. Which of the following statements are true ?
Justify your answers. ' 10
(a) There exists a field containing 18 elements.
(b) Every group of order 49 is abelian.

(¢) The permutation (2 4 6 8) is even.

(d) is a field.

(e) A group G having a subgroup of index 2 has
no non-trivial normal subgroups. -
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Sta ifse % 1 aem
a b
-
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(@) " fife G w ayg @ 3 wm i |, G
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G 1 T TR 8 | 39 W, afe H uifia
3, a9 g Afe % | x1Hx | = | H]. 4
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(m) feemsT 6 sgwe
3x% + 15x* — 20x3 + 10x + 20
QW ST 2 | F1 Sy
xt+4x3+2x2 +2x + 1

Z, T TGS B ?
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