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BACHELOR'S DEGREE PROGRAMME 
(BDP) 

Term-End Examination 

December, 2014 

ELECTIVE COURSE : MATHEMATICS 

MTE-02 : LINEAR ALGEBRA 

Time : 2 hours 
	

Maximum Marks : 50 

(Weightage 70%) 

Note : Question no. 7 is compulsory. Attempt any four 
questions from Q. No. 1 to Q. No. 6. Use of 
calculators is not allowed. 

1. (a) Let V = {f. : R --> R I fa(x) = x + a, a E R}. 

Check whether V is a vector space over R if 

the addition on V is composition of functions 

and scalar multiplication on V is defined by 

afa = f ? a E R. 	 3 

(b) Let V be a vector space which is generated 

by a finite set of vectors {v1, v2, ..., v.}. Prove 

that any linearly independent set of vectors 

in V is finite and contains not more than n 

elements. 	 4 
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(c) Let W1  and W2 be two subspaces of a vector 

space V. Prove that W1  U W2  is a subspace 

of V if and only if Wi  W2  or W2  c Wi. 

2. (a) Let T : R3  --> R2  be a linear transformation 

defined by T(x1, x2, x3) = (x1  + x2, 2x3  - x1). 

If B = 1(1, 0, - 1), (1, 1, 1), (1, 0, 0)) and 

B' = {(0, 1), (1, 0)) are ordered bases of R3  

and R2, respectively, find the matrix of T 

with respect to the pair B, B'. 

(b) 	Check that the matrix 

0 1 O- 

A = 1 0 0 is diagonalisable. Also, find 

0 0 1 

an invertible matrix P such that P-1A P is a 
diagonal matrix. 

3. (a) Show that the vectors v1  = (2i, 1, 0), 

v2  = (2, - 1, 1) and v3  = (0, 1+i, 1 - i) form a 

basis of vector space C3  over C. Find the 

coordinates of the vector (1, 0, 1) with 

respect to the ordered basis {v1, v2, v3). 
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(b) Verify Cayley - Hamilton theorem for the 

matrix 

A= 

5 

1 

2 

2 

3 

2 

-3 

-1 

-1 

. Also find A-1, if it exists. 4 

(c) Let (V, < , >) be an inner product space and 

let T E A(V) be self-adjoint. Prove that the 

eigenvalues of T are all real. 	 2 

4. (a) Use Cramer's rule to solve the following 

system of linear equations : 	 3 

x + y + z 11 

2x - 6y - z = 0 

3x + 4y + 2z = 0 

(b) Given the basis {(1, - 1, 3), (0, 1, - 1), 

(0, 3, - 2) of R3, determine its dual basis. 	5 
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(c) Find D; for the operator D1, defined on Pn  

by D1  f(t) = t f'(t). Inner product on Pn  is 

(a0  + ait + + antn, bo  + bit + + bntn) = E 
i=0 

2 

5. (a) LetV={(a,b,c,d)E R4 Ia+b+2c+2d=01 

and W = {(a, b, c, d) E R4 ) a = — b, c = — cll. 

Check that V and W are subspaces of R4. 

Further, check that W is a subspace of V. 	4 

(b) Let V be the vector space of polynomials 

with real coefficients and of degree at most 

2. Define inner product on V by 

(f, 	= 	f(t) g(t) dt 

0 

Apply the Gram — Schmidt 

orthonormalization process to the basis 

{1, x, x2  + 11 to find an orthonormal basis for 

V. 	 6 
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6. (a) Reduce the quadratic form 8x2  — 4xy + 5y2  to 

its normal canonical form. Find its principal 

axis. Also find its rank and signature. 

(b) Consider the function f : R --> R given by 

f(x) = x2  + x + 1. Check whether f is 1 — 1 and 

onto. 

(c) Find all the values of 'a' for which 1 is an 
1 a 

eigenvalue of the matrix 
2 1 

7. Which of the following statements are true and 

which are false ? Justify your answer either with 

a short proof or by a counter example. 	 10 

(i) Similar matrices have the same 

characteristic polynomial. 

(ii) The subspace W = {(x, y, z) E R3  I x + 3y = z} 

of R3  is of dimension 2. 

(iii) Eigenvectors corresponding to distinct 

eigenvalues of a linear transformation are 

linearly independent. 
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(iv) There exist vectors u and v in an inner 

product space such that Hull = 2, Ilvil = 7, 

Ilu + v11 = 8 and Ilu — v11 = 6. 

(v) If W1  and W2 are subspaces of a vector space 

V and W1 + W2 = V' then W1  n w2 = 10). 
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: SR •I #. 7 0(1/ :oft) 	/ 	?i. 1 Z 6 # 4 	W77 

w4R-I auz etP4cf 4c,tpriej Rznv et,(4 ary* 
7er* 

1. () RR-  tl'Ai 
v=va :R—>R1fa(x).x+a,a€ RI. 

zrft v h/4rr, th-F91 f 44:4-4-4 	311K V TIT 

3.1f7T 	afa  = faa, a E R -g111 	t, 

411-4R -fk v,RIR Trf-44 	zrr R-01 I 	3 

Trrq .4i- f4 ft.  NT 	Itrriff -1:rftkrr kt.tel 

tn., v2, ..., 	APia Trr-<-4cr 	 t I fica 

*1-rAR i v .4,14litr+--a.: 	Trit491 

trik-Rra- 	 t at1T 	 

n ard44 	t I 	 4 
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(Tr) TRw1 w2  Trftqr 	v tr t 
3tK11-1 	 t i 	tiN7 	w1  u W2, V tr 

t ZfR atiUk4a Zrft W1 -C W2 t  
W2  c W1  I 
	

3 

2. () ITFR #1.Nvi T : R3  —> R2  

T(x1, x2, x3) = (x1  + x2, 2x3  - x1) 

trroTriim 

 

IRgch 	tai t I 	i1  

B = {(1, 0, - 1), (1, 1, 1), (1, 0, 0)) AT 

= {(0, 1), (1, 0)) 9h11k1: R3  47 R2 	Off 

antiTT t, c 174 B, B' 	T 	311"&O 

Tff -*CPA I 5 

0 1 0 

(TzO A = 1 0 0 -*rr-A-R i aTruo 

0 0 1 

cicnu 	t IcsnHUil1 au&Eq P 1ft yid 

ttN7 f4.{:rk 	P-1A P 	fad 3TTa0 

t I 	 5 

3. () t3fT-47 	Tfrqr v1  = (2i, 1, 0), v2  = (2, - 1, 1) 

v3  = (0, 1 + 1 - C TFT Trit41 	 C3  

aTT/TR cmi4 t IOm 3M117 {v1,  v2, v31 

TrrIAT ITRF (1, 0, 1) 	 trr-A-R I 	4 
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(131) 31TRO 

5 2 —3 
 

A= 1 3 —1 

2 2 —1 

— 	3Tkei tictiAct trilA7 I zrft 

A-1  3Tc~ t,c 34 IftWff *ri* I 	4 

(Tr) urn #ri*i (v, < , >) 	!pH tvi 	t 

allT TER .thi*i T E A(v) t-atiom t i fc,g 

tti* T Vift 3174:17 aR-rifdcb l 	2 

4. (-') 	Ht Ptvi 14 PH 	oRgi IRsig) kii-fictKui 14Tzr 

trNR : 

x + y + z = 11 

2x — 6y — z = 0 

3x + 4y + 2z = 0 

(W) R3 	aTTITR 1(1, — 1, 3), (0, 1, — 1), (0, 3, — 2)} 

4R 	t I  	aTruR 	 'rfrRI 	5 
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(TT) Pn 	D1  f(t) = t f'(t) gRI tati-TTStic kictach D1  

	*Tr77 I Pn  1:TT afra-K 

(a0  + ait + + ane, 130  + bit + + bntn) = 	air)i. 
i=0 

2 

5. 	Triq #0*1 

V={(a,b,c,d)ER4 1a+b+2c+2d=0} 

W = {(a, b, c, d) E R4  I a = — b, c = — d}. 

	 *11-A7 V atiK W, R4  A't 	Eeir t I 

374, Ai-a R w, v 4'1 	t I 	4 

(V) lcriq #117R -r-  V alt-dram  764 oilc alIT 

a4fw-14-3TrW 17ff 2 onc) q11:K1 411:1t4T W-I 	U 
1 

f* I V trT (f, g) = 	f(t) g(t) dt gikt a-TiaT 

0 
lut-r-bo TrfoTrrEfff *rr-A7 I 

alitTR {1, x, x2  + 1) 7 7r14 — - 1:rZ Ole! chui 

	

Nsto-1 	.5TzTITT ...k*' V* R.W 	t) 51111-11.-41 	

-ffA---  31-KR vi *'rr-4R 1 
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6. 	() 

5 

fdErrt 	8x2  — 4xy + 5y2 	51t111-11-el 

.-r-d*tfrA7 
frAa-  4 kvibild AlfA I *+14)1 Tsei 3Te 

id) 	3#1 	Tic *tf* I 

f : R —> R, q).  f(x) = x2  + x + 1 	T.{T Re41 

Tf~TT #, #1f4R I 74M WA.R 	f, 1 — 1 # aTIT 

3 3TE- T-<-0 ZIT -le I 

(TT) 	'a' 'Eft RR' 	*ri*'N-4k MR 1, 31T' 
1 	a 

TAT 3374-43Tr4 t 2 
2 	1 

7. PH 0 	''9A 4 4 ch 	 311T 4144 

3w m.  ? 3174 \irk 	wcrrA zrr Alt -dqwul 

Ttr 3-ft Arl* 
	

10 

(i) 	 3.174 	3TliTF4Ti*W WITK t11-11.1 

#I 

-04 

(ii) R3   W = {(x, y, z) e R3  I x + 3y = 

*1 raiii 2 t I 

(iii) trt§r .  to-11Mo! 	3TeTT-3TWi 374-41:1(4 • 

+141c1 3.71)-qt{4TIR: 	# 
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(iv) rfte u 3t v 

aTPrc alai 	fl4fly (lull = 2, Ilvll = 7, 

1111+ vil= 8 at 	= 6 t I 

(v) 1ftw1.  AT W2  	 141:rft v*t 34w1I 	1I 

atiT 	+ w2  v t, 	n w2  {o} 	 

t 
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