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December, 2014 

ELECTIVE COURSE : MATHEMATICS 

MTE-14 : MATHEMATICAL MODELLING 

Time : 2 hours 
	 Maximum Marks : 50 

(Weightage 70%) 

Note : Attempt any five questions. All questions carry 

equal marks. Use of calculators is not allowed. 

1. (a) For a raindrop of radius R = 0.36 cm, 

assuming that the raindrop is falling in still 

air, and the acceleration due to gravity is 

opposed by an amount proportional to the 

square of the velocity, specifically an 

amount equal to 
CO  2R 	

x (velocity)2, 
00046  ) 

 

write the governing equation. Find the 

terminal velocity of the raindrop and the 

time taken by it to reach the ground if it 

starts its descent in a cloud 3000 m high. 	4 
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(b) For oxygen transfer in red cells, consider a 

simple model. Consider a planar section of a 

red cell which looks like a horizontal plane 

infinite slab of hemoglobin solution enclosed 

within a membrane of thickness h. 

Formulate and solve the model for the 

diffusion of oxygen through a membrane of 

thickness h, the two ends of which are 

maintained at concentration C1  and C2, 

respectively. 

2. (a) A particle is projected vertically upwards 

with a velocity u m/s. After t seconds, 

another particle is projected upwards from 

the same point and with the same velocity. 

Prove that the particles will meet at a 

height 	 m after a time 
4u2 - 

g 
8 g 

( 	

) t  + 11- s from the start. 	 5 
2 g 

(b) The heat-emission rate associated with a 

stack gas is 3600 kJ/s; the wind and stack 

gas speeds are 4 and 16 m/s, respectively, 

and the inside stack diameter at the top is 

3 m. Estimate the plume rise by means of 

the Moses and Carson formula. 	 5 
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3. (a) State the assumptions for formulation of a 
simple mathematical model for blood flow 
in arteries for which Poiseuille law is 
applicable. 	 2 

(b) If the length of the artery is 3 cm (wide 
arterial capillary) and radius 6 x 10-3  cm 
and driving force is 5 x 103  dynes/cm2, then 
find the average velocity of blood and the 
maximum peak velocity of blood. 	 4 

(c) A satellite is orbiting the Earth in a circular 
orbit at an altitude of approximately 
1600 km. Estimate the velocity of the 
satellite and the time period given that the 
radius of the Earth is 6400 km. 	 4 

4. (a) What are the types of governing equations 
you obtain in continuous model and discrete 
model ? Explain giving an example of each 
type of model. 	 4 

(b) Discuss the static stability and dynamic 
stability for the following demand and 
supply functions (assuming the 
proportionality constant k = 5 for dynamic 
stability) : 

Dt  = - 0-4 pt  + 200 

St  = - 0-2 pt  + 100 

Also find the equilibrium price in an ideal 

	

competitive market. 	 6 
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5. (a) Write the Lotka — Volterra equations for 
prey-predator model defining each term of 
the model. Show that in the absence of the 
predators, the prey grows exponentially, 
whereas in the absence of the prey, the 
predator population dies out exponentially. 	5 

(b) In a hospital, patients arrive according to 

Poisson distribution at an average rate of 

10 patients per hour. The hospital's waiting 

room can accommodate a maximum of 

8 patients. The examining time per patient 

is an exponential distribution with mean 

rate of 15 per hour. Find 

(i) the effective arrival rate of patients at 

the hospital. 

(ii) the probability that an arriving patient 
does not have to wait. 

(iii) the probability that an arriving patient 
will find a vacant seat in the waiting 
room. 

6. (a) When p12  = — FO, the standard deviation of 

a two-security portfolio P is equal to the 

weighted average of the standard 

deviations of its component securities. Is it 

true or false ? Justify your answer. (p12 is 

the correlation coefficient of securities 1 

and 2). 
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Buy Blue Chip 

Buy speculative 

	

24,000 	16,000 

	

35,000 	12,000 

Investor 

(b) An investor has 50,000 to invest in stocks. 

He has two possible strategies : buy 

conservative blue chip stocks or buy highly 

speculative stocks. There are two states of 

nature : the market goes up or the market 

goes down. The following pay-off matrix 

shows the net amounts, he will have under 

the various circumstances : 

Market 

Market Market 
up 	down 

What should the investor do if he is 

(i) an optimist ? 

(ii) a pessimist ? 

(iii) What is the best strategy, if the 

probability of a market rise is 0.3 ? 	4 

(c) Find the escape velocity of Jupiter for the 

following data : 	 3 

G = 6.67 x 10-11  m3/kg, radius = 2.58 x 107  m, 

mass = 1.966 x 1020  kg. 
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7. (a) If a simple pendulum of length / oscillates 

through an angle a on either side of the 

mean position, then find the angular 

velocity 
d0 

 of the pendulum, where 0 is the 
dt 

angle which the string makes with the 

vertical. 

(b) Suppose the populations x and y satisfy the 

equations 

dx = 60x — 4x2 - 3xy 
dt 

dy 
= 42y — 2y2  — 3xy 

dt 

Find all critical points of the system. Which 

critical point represents the possibility of 

co-existence of two species ? Discuss the type 

and stability of that critical point. 
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