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Note : Question No. 1 is compulsory. Do any four questions 

out of questions 2 to 7. Calculators are not allowed. 

1. 	State, giving reasons, whether the following 
statements are true or false. 	 5x2=10 

(a) If (X1, d1) and (X2, d2) are two discrete metric 
spaces, then the product metric space 
X1  x X2  is discrete. 

CO 

(b) The set E : = u 	I sin n'Trx = 	n [0, 1] 
n=1 

is Lebesgue measurable. 
(c) The function f : R —> R2  defined by 

f(x) = (f1 (x),  f2(x)) 
x  

{ 	1 

	

X
2. 	

x # 0 
where fi  (x) = x and f2(x) = 

	

0 	x = 0 

is differentiable of 0. 
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1 
(d) 	5( /im fn  (x))dx = 

0 
lim So  fn  (x)dx 

n-400 

where fn  (x) = n. 

(e) The set E : = {0} L.) {-1  : n E N} C R is not 

compact. 

	

2. 	(a) Let E1  and E2  be open sets in a metric space 	3 

X. Show that E1  n E2  is open in X. Is 

n Ei open in X-  if each Ei  is open in X ? 

Justify your answer. 
(b) If f(x, y, z, w) = (x2  - y2, 2xy, zx, z2w2x2) 

	
3 

and 	v = (2, 	1, 	- 2, 	-1), 	find 
Dvf(1, 2, -1, - 2). 

(c) Let A C R be such that m*A = 0. Prove that 
	4 

(i) A is measurable 

(ii) m*(A L.) 13) = m*B -V- B CR 

	

3. 	(a) State dominated convergence theorem. Use 	4 
the dominated convergence theorem to find 

h 
n. 	x m j 1 r 	 „ dx 

0 1 ± 
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(b) Show that the function f defined from 	3 

R4 —> R4 by f(x, y, z, w) = (2x — y, x2  + yz, 

xz + 3w, x + w2) is locally invertible at 

(0, 1, 2, — 1). 

(c) State Urysohn's Lemma. Use it to show that 
	

3 
if A and B are disjoint closed subsets of a 
metric space (X, d) then there exist disjoint 
open sets U and V such that ACU and BCV. 

4. 	(a) Prove that in a discrete metric space a set is 
	

3 
compact if and only if it is finite. 

(b) Consider the system R : f —› g given by 	4 

g(t) = (Rf)(t) = J f(T)e—(t— T)th 

(i) Is this a memory less system ? 

(ii) Is it stable system ? Justify your 
answers. 

(c) Find the Fourier series of the function f 

defined by 

—x2 , — Tr <X 5_ 0 
f(x) = 	2  

n  1X2  v , 	<X< Tr 
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5. 	(a) State Implicit Function theorem for R3. 	5 
Consider the function f : R3  —> R defined by 
f(x, 	 y2) = 

x2y1 — 
 ex_ y

2• 

 

Show that there exists a differentiable 
function g in some neighbourhood of (1, —1) 
in R2  
such that g(1, —1) = 0 and f(g(y1, y2), 

Y2)= 0. 
(b) Let {x,} and {yr,} be Cauchy sequences in a 

	3 

metric space (X, d). Show that the sequence 
{d(xn  yn)} is a Cauchy sequence in R. Does 
it converge in R ? Justify your answer. 

(c) Which of the following sets are nowhere 
	2 

dense ? 
(i)  

(ii)  

[ —1, 

j1 
[2 

1] 

1 	1 
4 	6 

6. 	(a) Prove that the continuous image of a 	3 
connected metric space is connected. 

(b) (i) 

	

	Show that every totally bounded 
metric space is bounded. 

	

(ii) Let X be an infinite set with discrete 	4 
metric d. Show that (X, d) is a 
bounded metric space but is not 
totally bounded. 

(c) Show that all real valued continuous 	3 
functions defined on [0, 1] are bounded. Is 
this result true for real valued continuous 
functions defined on (0, 1] ? Justify your 
answer. 
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7. 	(a) Find the extreme values of the function 	4 

(x1,1 + X22  + X32  

subject to the constraint 

2 4x1 + x2  2x3 = 14 , 

0, x2  0, x3  0, 

(b) Give an example to show that arbitrary 	3 
union of compact sets need not be compact. 

(c) If a set E has finite measure (i.e. m(E) < co) 3 
then, show that, L2(E) C LI(E). 
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