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Time : 2 Hours     Maximum Marks : 50 

Note : (i) Attempt five questions in all.  

 (ii) Question No. 7 is compulsory.  

 (iii) Answer any four questions from Q. Nos. 

1 to 6.  

 (iv) Use of calculator is not allowed. 

1. (a) Consider the binary operation A defined on 

X {0, 1, 2, 3, 4}  by : 

                        * (mod 5)a b a b ab   .  

  Check that * is associative. Form the 

multiplication table for *. 5 
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(b) Define an integral domain. Give an 

example of a ring which is not an integral 

domain. 2 

(c) Define a Sylow-p subgroup of a finite group 

G. Find the orders of Sylow-p subgroups of 

a group of order 20. 3 

2. (a) Check whether : 

R {(0, 0), (1,1), (2, 2), (3, 3), (1, 2),  

(2,1), (2, 3), (3, 2)}  

is a reflexive, symmetric and transitive 

relation on the set {0,1, 2, 3} . 3 

(b) Write (2 51 4)(5 3 2)   as a product of 

transpositions as well as product of disjoint 

cycles. Also, find the signature of  . 4 

(c) Let 4 3( ) 2 15 18 12f x x x x    . Is 

Q[ ]

( )

x

f x 
 a field ? Justify your answer. 3 

3. (a) Let 
   

   
   

0
X ,

0

a
a b

b
R . Check 

whether or not X is a subring of 2M ( )R . Is 

X a ring with identity ? Give reasons for 

your answer. 3 
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(b) Define a nilpotent element in a ring. Give 

an example of a ring R and a nilpotent 

element Rx  . 2 

(c) Show that 5 
 

Z  is not a UFD by giving 

two distinct factorisations of 6 into 

irreducible elements of 5 
 

Z . 5 

4. (a) Define the unit element in a ring with 

unity. Find all units in 15Z . 3 

(b) Define the centre of a group. Show that a 

group is abelian if and only if the centre of 

the group is the whole group. 3 

(c) Let 
 

  
 

G , , , ,
a b

a b c d
c d

Z  

det 1
a b

c d

 
  

  
. Check whether G is a 

group under matrix multiplication. 4 

5. (a) Give an example of each of the following : 7 

(i) A subring of 2M ( )Z  which is not an 

ideal of 2M ( )Z . 

(ii) A non-zero proper ideal of 2M ( )Z . 

(iii) A zero divisor in 2M ( )Z . 

(b) Find the order of the elements 2, 8  and 10  

in *
21Z . 3 
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6. (a) Prove that : R Sf   given by 

2
( 2)

a b
f a b

b a

 
   

 
, is a homomorphism 

of rings, where R Z 2 Z   and S is the 

ring of 2 2  matrices of the form 

2
, , Z

a b
a b

b a

 
 

 
. Is f a bijection ? Justify 

your answer. 3 

(b) Prove that F { 3 | , Q}a b a b    is a 

subfield of C. 4 

(c) Let R be a ring such that 2a a  for 

Ra  . Show that R is a commutative ring. 

3 

7. Which of the following statements are true and 

which are false ? Justify your answer with a 

short proof or a counter-example : 5×2=10 

(a) If H is a normal subgroup of a group G 

such that 
G

H
 is cyclic, then G is abelian. 

(b) Every surjective homomorphism of a finite 

group G to itself is an isomorphism. 



 [ 5 ] MTE–06 

  P. T. O. 

(c) If R is a non-trivial subring of Q such that 

1 Rx   for all R{0}x  , then R Q . 

(d) If R is an integral domain, then 
R

I
 is an 

integral domain for every non-zero ideal I 

of R. 

(e) If I and J are ideals of a ring R, then I J  

is an ideal of R. 
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(i) 

(ii) 

(iii) 

(iv) 

X {0, 1, 2, 3, 4}

* (mod 5)a b a b ab  

*

*
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p G

p

R {(0, 0), (1,1), (2, 2), (3, 3), (1, 2),

(2,1), (2, 3), (3, 2)}  

{0,1, 2, 3} ]

(2 51 4)(5 3 2) 



4 3( ) 2 15 18 12f x x x x   

Q[ ]

( )

x

f x 
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0
X ,

0

a
a b

b
R

X ] 2M ( )R

X

R

Rx 

5 
 

Z

5 UFD 
 

Z

15Z

 
  

 

G , , , ,
a b

a b c d
c d

Z

det 1
a b

c d

 
  

  
G
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7 

(i) 2M ( )Z

(ii)  2M ( )Z  

(iii) 2M ( )Z

*
21Z 2, 8 10

2
( 2)

a b
f a b

b a

 
   

 
]

: R Sf  ]

R Z 2 Z  S, 2 2

2
, , Z

a b
a b

b a

 
 

 
] f

F { 3 | , Q}a b a b  

C 

R Ra 

2a a R
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5×2=10

H G

G

H
] G

G G

R, Q

] R {0}x  ] 1 Rx  ]

R Q

R ] R

I
R

I

I J R ]

I J
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