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MTE-06 : ABSTRACT ALGEBRA

Time : 2 Hours Maximum Marks : 50

Note : (i) Attempt five questions in all.
(i) Question No. 7 is compulsory.

(iti) Answer any four questions from Q. Nos.
1toé.

(iv) Use of calculator is not allowed.

1. (a) Consider the binary operation A defined on

X =1{0,1,2,3,4} by :
a*b=a+b+ab(modb).

Check that * 1is associative. Form the

multiplication table for *. 5
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Define an integral domain. Give an
example of a ring which is not an integral

domain. 2

Define a Sylow-p subgroup of a finite group

G. Find the orders of Sylow-p subgroups of

a group of order 20. 3

Check whether :

R =1{(0,0),(1,1),(2,2),(3,3),(, 2),
(2,1),(2,3),(3,2);

1s a reflexive, symmetric and transitive
relation on the set {0,1, 2, 3} . 3

Write ¢ = (2514)(532) as a product of

transpositions as well as product of disjoint

cycles. Also, find the signature of c. 4
Let  f(x) = 2x* +15x% +18x +12. Is
_Qlxl a field ? Justify your answer. 3
< f(x) >

o i

whether or not X is a subring of M,(R). Is

a,b e R}. Check

X a ring with identity ? Give reasons for

your answer. 3
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Define a nilpotent element in a ring. Give
an example of a ring R and a nilpotent
element x € R. 2

Show that Z [«/—5] is not a UFD by giving

two distinct factorisations of 6 into

irreducible elements of Z [x/—5] . 5
Define the unit element in a ring with
unity. Find all units in Z;;. 3

Define the centre of a group. Show that a
group is abelian if and only if the centre of
the group is the whole group. 3

- e

a b )
det{ d} = 1}. Check whether G i1s a

a,b,c,d € Z,

c

group under matrix multiplication. 4

Give an example of each of the following : 7
(i) A subring of My(Z) which is not an
ideal of M,(Z).

(i) A non-zero proper ideal of My(Z).
(ii1) A zero divisor in My(Z).
Find the order of the elements 2,8 and 10

in Z;l. 3

P.T.O.



6.

(a)

(b)

(©

[4] MTE-06

Prove that f:R —> S given by

2
f(a + b\/§) = {Z b}, 1s a homomorphism
a

of rings, where R = Z + \/§Z and S is the

ring of 2x2 matrices of the form

2b
{Z },a,b e 7. Is f a bijection ? Justify
a

your answer. 3

Prove that F = {a++/3b|a,bcQ is a
subfield of C. 4

Let R be a ring such that a2 = a for

a € R. Show that R is a commutative ring.

3

Which of the following statements are true and

which are false ? Justify your answer with a

short proof or a counter-example : 5x2=10

(a)

(b)

If H is a normal subgroup of a group G

such that % is cyclic, then G is abelian.

Every surjective homomorphism of a finite

group G to itself is an isomorphism.
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(¢c) If R is a non-trivial subring of Q such that
x~ ! €R forall x € R{0},then R = Q.

(d) If R is an integral domain, then % 1s an

integral domain for every non-zero ideal I

of R.
(e) IfI andJ areideals of a ring R, then T U J

1s an i1deal of R.

P.T.O.
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Uik Wid i IREISA HifSTl T aad
1 3N AT S quiiehta oid 7 =8Nl 2

& Rfid w8 &1 Hiell- p TS G &I
R ST T hife 20 ot aRfEd
R % Hidl-p SUHEEl H Hife FW@
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ST wifse for gwery

R =1(0,0),(1,1),(2,2),3,3),1,2),

(2,1),(2,3),3,2))

qg=ad  {0,1,2,3) W @y, 9HHAd TH
YhmE Ty 2 3
HHIT o = (2514)(532) hl TN &
TH % B9 H UE EIE TR W
%G & ®49 H fafaul ¢ &1 fags
IS 4

OH ST f(x) = 2x% + 15x3 + 18x + 12|

f?([x)] TF &% 2 ? AW SW F
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P.T.O.



3. (%)

(@)

()

4. (F)

(@)

()

[8] MTE-06

a O

A st foh X:Hb 0}
S HItT fF X, My(R) &1 Suaed @
T T T X UTH dc@TR! G0 2
AT IW H g Hifag| 3
T&h dad H Y Aifd STeEe o1 g
HIY TH o R SR SED  fa7d
x e R 1 3= ST S g oifa ©1 2
Z|\N-5] " 6 % sr@veda el & <
HAT-3CT rEST < g wifey o
Z[ =5 |UFD T 2 5

Teh Jd H HE Sfadd bl gReifia
HINTU Z,; & [ AEF FEFd A
EQIELS 3
TH O & S ! IR RIS fag
He % & @ge aft R wawr ad
Aol @ o TR % G0 GHE T 3

m o

c

a,b e R}

a,b,c,d € Z,

de’{a ﬂ=1}| S it f& G

c

A€ U & Tiel THE €| 4
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Fefafad & oy ueh-Teah 33 T ¢
7

() My(Z) &1 T&h I Sl I[USE

T Bl

(i) M,(Z) &1 Tk 3fad oS |

(iii) My(Z) ® TH YA 95|

e 75, H sEgel 2,8 3R 10 I &ife

SIREEAIEI 3

b
g GRAME £ : R —> S U HHAGRING T,
W& R=Z+2Z 3R S,2x2 3TT&l

fog #ifem fF f<a+bﬁ>{“ iﬂ

B Z)},a,bez, w1 g0d Tl R f
Theh! EBRH € 2 I S| i g
hIfSTT| 3
fog ®ifNT f& F={a+/3b1a,b cQ
C %1 THh IU&T 2 4

A <ifSt e R H ¥t ¢ e R & faw
o = o 2l @t fF R s wuafafma
I 2 3
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(@) T IRfFd @ ¢ § G 6 ®E o
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(M) A R,Q &1 TH =s Suaed ¢ o
fow, @ft x e R{0} & TG, x 1 e R, @
R=Q]

() aff R T Ui o €, @l R & qfi

Wﬁlﬁm%sﬂmm%

() AR I 3R J oo™ R &1 [oEeE 8,
1uJd ¥ T usTEe 2
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