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BACHELOR’S DEGREE PROGRAMME
(BDP)

Term-End Examination

December, 2022

MTE-06 : ABSTRACT ALGEBRA

Time : 2 Hours Maximum Marks : 50

Note : (i) Attempt five questions in all.
(it) Question No. 7 is compulsory.

(iti) Answer any four questions from Q. Nos.
1to6.

(iv) Use of calculator is not allowed.

1. (a) Define an equivalence relation on a set.
Check whether the relation ‘~’ defined by

a~bif |a| = |b| 1s an equivalence relation

on the set of real numbers. 2
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Define normal subgroup of a group. Check
whether {1, (1 2)} is a normal subgroup of
S . 2

Define nilpotent element in a ring. Check

00
whether [0 1j 1s a nilpotent element in

M, (R). 2

Define an irreducible polynomial in K [x],

where K is a field. Is x2 +1 irreducible in
C [x] ? Justify your answer. 2

Define the generator element of a cyclic

group. Give a generator for Z;. 2

Define a Sylow-p subgroup of a finite group
G for a prime p dividing the order of G.
What is the order of the Sylow-3 subgroup
of Zgs ? 2

Define a unit element in a commutative

ring with unity. Check whether 1 + v/2 is a
unit element in the ring

Z[N2] = {a + V2L a,b e Z. 2



(c)
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(b)
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Define an ideal in a ring. Check whether

I={(O OjlaeR} 1s an 1ideal 1in

a 0

R:{(“ OJIa,b,ceR}. 3
b ¢

Define the order of an element of finite
order in a group. Find the order of the

elements 2 and 6 in Z;. 3

Find the remainder of 374° when divided
by 7. 2

Let S =R \ {-1}. Define an operation ® on
S by x®@y=x+y+xy, x,yeS. Show
that (S,®) is an abelian group. Find a
solution of the equation 1®x =2 1inS. 5
Express the permutation :

f_12345678
"|l3 86 7415 2

first as a product of disjoint cycles and then
as a product of transpositions. What is the

signature of f? 3

Let R={a+b«/§|a,beZ} and
2b

sz{[“ jla,beZ}. Show  that
b a

6:R—> S defined by
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b a

of rings. 4

2b
0(a+ b\/§) = {a } 1s an isomorphism

If G is a finite abelian group of order n and
if a prime p divides n, show that G has a
unique Sylow-p subgroup. Does any finite
non-abelian group G have a unique
Sylow-P  subgroup for each prime p
dividing the order of G ? Justify your
answer. 4

Check whether 3 is a zero divisor in Zg. 2

(1) Let f:R—>S be an onto ring

homomorphism. Show that if I i1s an
1deal of R, then f[I] is an ideal of S. 2

(1) If f were not onto, would f [I] still be
an ideal of S ? Give reasons for your

answer. 2
Prove that Z[+v-3] is not a UFD by giving
with justification two different

factorisations of 4 as product of irreducible
elements. 4
Show that, if f:R—>S i1s a
homomorphism  between commutative
rings with unity and P is a prime ideal in
S, f~1(P) is a prime ideal in R. 2



6.

(a)

(b)
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State Eisenstein’s criterion. Apply it to

check if R = — %1 544 field or not.
<x3 +3x + 6>

If R 1s a field, obtain its characteristic.
Otherwise field a field containing R.
Further give two distinct elements of R.

6
Let G and H be groups of order 17 and 29,
respectively. Let f:G —>H be a

homomorphism. Show that
f(x) =e Vx € G, where e 1s the identity
element of H. 4

State whether the following statements are

true or false. Justify your answer with a short

proof or a counter-example : 5%x2=10

(a)

(b)
(c)

(d)

(e)

If f,eg: A —> A are mappings such that
f o gis onto, then fis onto.
If R is an integral domain, then sois R x R.

If p and g are distinct prime numbers and
G 1is a group of order pq, then G is cyclic.

Every nilpotent element in a ring is a zero
divisor.

If G is an infinite group and H 1is its
subgroup, then [G : H] is infinite.
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