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BACHELOR’S DEGREE PROGRAMME 
(BDP) 

Term-End Examination 

December, 2022 

MTE-06 : ABSTRACT ALGEBRA 

Time : 2 Hours     Maximum Marks : 50 

Note : (i) Attempt five questions in all.  

 (ii) Question No. 7 is compulsory.  

 (iii) Answer any four questions from Q. Nos. 
1 to 6.  

 (iv) Use of calculator is not allowed. 

1. (a) Define an equivalence relation on a set. 
Check whether the relation ‘~’ defined by  

a ~ b if a b=  is an equivalence relation 

on the set of real numbers.  2 
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(b) Define normal subgroup of a group. Check 
whether {1, (1 2)} is a normal subgroup of 

3S .   2  

(c) Define nilpotent element in a ring. Check 

whether 
0 0
0 1
 
 
 

 is a nilpotent element in 

2M ( )R . 2  

(d) Define an irreducible polynomial in K [x], 
where K is a field. Is 2 1x +  irreducible in 
C [x] ? Justify your answer.  2 

(e) Define the generator element of a cyclic 
group. Give a generator for *

5Z .  2 

2. (a) Define a Sylow-p subgroup of a finite group 
G for a prime p dividing the order of G. 
What is the order of the Sylow-3 subgroup 
of 36Z  ? 2  

(b) Define a unit element in a commutative 
ring with unity. Check whether 1 2+  is a 
unit element in the ring 

[ 2] { 2}, ,a b a b= + ∈Z Z .  2 
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(c) Define an ideal in a ring. Check whether 
0 0I |

0
a

a
  

= ∈  
  

R   is an ideal in 

0R | , ,a
a b c

b c
  

= ∈  
  

R . 3  

(d) Define the order of an element of finite 
order in a group. Find the order of the 
elements 2  and 6  in *

7Z . 3  

3. (a) Find the remainder of 4937  when divided 
by 7.  2 

(b) Let S = R \ {–1}. Define an operation ⊕  on 
S by , , Sx y x y xy x y⊕ = + + ∈ . Show 
that (S, )⊕  is an abelian group. Find a 
solution of the equation  1 2x⊕ =  in S. 5 

(c) Express the permutation : 
1 2 3 4 5 6 7 8
3 8 6 7 4 1 5 2

f  
=  
 

 

first as a product of disjoint cycles and then 
as a product of transpositions. What is the 
signature of f ? 3 

4. (a) Let { }R 2 | ,a b a b= + ∈ Z  and 

2S | ,a b
a b

b a
  

= ∈  
  

Z . Show that 

: R Sθ →  defined by 
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2( 2) a b
a b

b a
 

θ + =  
 

 is an isomorphism 

of rings. 4    
(b) If G is a finite abelian group of order n and 

if a prime p divides n, show that G has a 
unique Sylow-p subgroup. Does any finite 
non-abelian group G have a unique  
Sylow-P subgroup for each prime p 
dividing the order of G ? Justify your 
answer. 4 

(c) Check whether 3  is a zero divisor in 8Z . 2  

5. (a) (i) Let : R Sf →  be an onto ring 
homomorphism. Show that if I is an 
ideal of R, then f [I] is an ideal of S.  2 

(ii) If f were not onto, would f [I] still be 
an ideal of S  ? Give reasons for your 
answer.  2 

(b) Prove that [ 3]−Z  is not a UFD by giving 
with justification two different 
factorisations of 4 as product of irreducible 
elements.  4 

(c) Show that, if : R Sf →  is a 
homomorphism between commutative 
rings with unity and P is a prime ideal in 
S, 1(P)f −  is a prime ideal in R. 2 
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6. (a) State Eisenstein’s criterion. Apply it to 

check if 
3

Q[ ]R
3 6
x

x x
=

+ +
 is a field or not. 

If R is a field, obtain its characteristic. 
Otherwise field a field containing R. 
Further give two distinct elements of R.  

6 
(b) Let G and H be groups of order 17 and 29, 

respectively. Let : G Hf →  be a 
homomorphism. Show that 

( ) G,f x e x= ∀ ∈  where e is the identity 
element of H. 4 

7. State whether the following statements are 
true or false. Justify your answer with a short 
proof or a counter-example : 5×2=10 
(a) If , : A Af g →  are mappings such that  

f o g is onto, then f is onto. 
(b) If R is an integral domain, then so is R × R. 
(c) If p and q are distinct prime numbers and 

G is a group of order pq, then G is cyclic.  
(d) Every nilpotent element in a ring is a zero 

divisor.  
(e) If G is an infinite group and H is its 

subgroup, then [G : H] is infinite.  
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Lukrd mikf/ dk;ZØe (ch- Mh- ih-) 

l=kkar ijh{kk 

fnlEcj] 2022 
,e-Vh-bZ--06 % vewrZ chtxf.kr 

le; % 2 ?k.Vs     vf/dre vad % 50 

uk sV % (i) dqy ik ¡p iz'uksa ds mÙkj nhft,A  

 (ii) iz'u la- 7 djuk t:jh gSA 

 (iii) iz'u Ø- 1 ls 6 rd fdUgha p kj iz'ukas ds 

mÙkj nhft,A 

 (iv) dSYdqysVj dk iz;ksx djus dh vuqefr ugha gSA  

1- (d)  ,d leqPp; ij rqY;rk laca/ ifjHkkf"kr 

dhft,A tk¡p dhft, fd okLrfod la[;kvksa 

dh leqPp; ij a ~ b ;fn a b=  }kjk 

ifjHkkf"kr laca/ ^~* ,d rqY;rk laca/ gS ;k 

ughaA  2 
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([k)  ,d lewg dk izlkekU; milewg ifjHkkf"kr 

dhft,A tk¡p dhft, fd {1, (1 2)}, 3S  dk 

izlkekU; milewg gS ;k ughaA 2 

(x)  ,d oy; esa 'kwU;Hkkoh vOk;o ifjHkkf"kr 

dhft,A tk¡p dhft, fd 
0 0
0 1
 
 
 

 2M ( )R   eas 

,d 'kwU;Hkkoh vOk;o gSA 2 

(?k)  K [x] eas] tgk¡ K ,d {ks=k gS] v[k.Muh; 

cgqin ifjHkkf"kr dhft,A D;k C [x] eas 2 1x +  

v[k.Muh; gS \ vius mÙkj dh iqf"V dhft,A 2 

(Ä)  ,d pØh; lewg dk tud vOk;o ifjHkkf"kr 

dhft,A *
5Z  dk ,d tud leqPp; nhft,A 2 

2- (d)  ,d ifjfer lewg G dh dksfV dks foHkktu 

djus okyh vHkkT; la[;k p ds fy, lkbyks&p 
milewg ifjHkkf"kr dhft,A 36Z  ds lkbyks&3 

milewg dh dksfV D;k gS \ 2 

([k)  ,d rRledh Øefofues; oy; eas ek=kd 

ifjHkkf"kr dhft,A tk¡p dhft, fd 1 2+  

oy; [ 2] { 2 | ,a b a b= + ∈Z Z} eas ,d 

ek=kd vOk;o gSA 2 
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(x)  ,d oy; eas xq.ktkoyh dks ifjHkkf"kr dhft,A 

tk¡p dhft, fd 
0 0I |

0
a

a
  

= ∈  
  

R  

oy; 
0R | , ,a

a b c
b c

  
= ∈  

  
R  dk 

xq.ktkoyh gSA 3 

(?k)  ,d lewg esa ifjfer dksfV ds vOk;o dh dksfV 

ifjHkkf"kr dhft,A *
7Z  ds vO;; 2 vkSj 6 

dh dksfV fudkfy,A 3 

3- (d)  4937  dks 7 ls foHkkftr fd, tkus ij izkIr 

'ks"kiQy D;k gksxk] Kkr dhft,A 2 

([k)  eku yhft, S = R \ {–1}A lHkh , Sx y ∈  ds 

fy, x y x y xy⊕ = + +  }kjk ,d lafØ;k 

ifjHkkf"kr dhft,A fn[kkb, fd (S, )⊕  ,d 

vkcsyh lewg gSA S eas lehdj.k 1 2x⊕ =  

dk gy Kkr dhft,A 5 

(x)  Øep; 
1 2 3 4 5 6 7 8
3 8 6 7 4 1 5 2

f  
=  
 

 dks 

igys vla;qDr pØksa ds xq.kuiQy ds :i eas 

vkSj mlds ckn i{kkarj.kksa ds xq.kuiQy ds :i 

eas O;Dr dhft,A 3 
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4- (d)  eku yhft, { }R 2 | ,a b a b= + ∈ Z  vkSj 

2S | ,a b
a b

b a
  

= ∈  
  

Z A fn[kkb, fd 

2( 2) a b
a b

b a
 

θ + =  
 

 }kjk ifjHkkf"kr 

: R Sθ →  oy;ksa dh rqY;dkfjrk gSA 4  

([k)  ;fn G dksfV n okyk ,d ifjfer vkcsyh 

lewg gS vkSj ;fn p, ,d vHkkT; la[;k gS tks 

n dks foHkkftr djrh gS] rks fn[kkb, fd G 

dk vf}rh; lkbyks&p milewg gSA 

 fdlh xSj&vkcsyh lewg G ds fy, G dh 

dksfV dks foHkkftr djus okyh izR;sd vHkkT; 

la[;k p ds fy, G dk vf}rh; lkbyks&p 

milewg gksrk gSA vius mÙkj dh iqf"V  

dhft,A 4 

(x)  tk¡p dhft, fd 3  oy; 8Z  dk ,d 'kwU; 

dk Hkktd gSA 2 

5- (d)  (i) eku yhft, : R Sf →  ,d vkPNknd 

oy; lekdkfjrk gSA fn[kkb, fd ;fn I, R 
dh xq.ktkoyh gS rc f (I), S dh ,d 

xq.ktkoyh gksxhA 2 
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 (ii) ;fn f vkPNknd ugha gksrk D;k rc Hkh  

f (I) S dh xq.ktkoyh gksxh \ vius mÙkj 

ds dkj.k crkb,A 2 

([k)  iqf"V lfgr [ 3]−Z  eas v[kaMuh; vOk;oksa ds 

xq.kuiQy ds :i eas 4 ds nks vyx&vyx 

xq.ku[kaMu nsrs gq, fl¼ dhft, fd [ 3]−Z  

;w- ,iQ- Mh- ugha gSA 4 

(x)  fn[kkb, fd ;fn : R Sf →  nks rRledh] 

Øefofues; oy;ksa ds chp dk oy; 

lekdkfjrk gS vkSj P vkSj S eas ,d vHkkT; 

xq.ktkoyh gS] rks 1(P)f −  oy; R eas vHkkT; 

xq.ktkoyh gksxhA 2 

6- (d)  vkbtsULVhu fud"k dk dFku nhft,A ;fn 

3
Q[ ]R

3 6
x

x x
=

+ +
 ,d {ks=k gS ;k ugha] 

bldh tk¡p djus ds fy, fud"k dks ykxw 

dhft,A ;fn R {ks=k gS] rks bldk 

vfHkyk{kf.kd izkIr dhft,A vU;Fkk ,d ,slk 

{ks=k Kkr dhft, ftleas R gksA blds vkxs R 

ds nks vyx&vyx vOk;o crkb,A 6 
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([k)  eku yhft, G vkSj H dksfV Øe'k% 17 vkSj 

29 okys lewg gSaA eku yhft, : G Hf →  

,d lekdkfjrk gSA fn[kkb, fd izR;sd Gx ∈  
ds fy, ( )f x e=  gS] tgk¡ e H dk rRled 

vOk;o gSA 4 

7- crkb, fd fuEufyf[kr dFku lR; gSa ;k vlR;A 

vius mÙkj dh y?kq miifÙk ;k izR;qnkgj.k }kjk iqf"V 

dhft, % 

5×2=10 

(d)  ;fn , : A Af g →  ,sls iQyu gSa fd f o g 

vkPNknd gS] rks f vkPNknd gSA 

([k)  ;fn R rd iw.kk±dh; izkar gS] rks R × R Hkh 
iw.kk±dh; izkar gSA 

(x)  ;fn p vkSj q fHkUu vHkkT; la[;,¡ gSa vkSj G 

dksfV pq okyk lewg gS] rks G pØh; gSA 

(?k)  izR;sd 'kwU;Hkkoh vOk;o 'kwU; dk Hkktd gSA 

(Ä)  ;fn G ,d vuUr lewg gS vkSj H mldk 

milewg gS] rks [G : H] vuUr gSA 
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